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Finite Word-Length Effects in Implementation of cases of floating-point and fixed-point representations. Distributions’

Distributions for Time—Frequency Signal Analysis variance and the signal-to-quantization noise ratio (SNR) have been
derived (using results from [1], [7], and [15]) and used as criteria for

Veselin Ivanovt, LJubBa Stankowd, and D&an Petranogi quantitative comparison of various TFD’s from the CD. Deterministic

and quasistationary random signals have been analyzed. The analysis
_ _ o ~and comparison of the most frequently used TFD’s, with regard to
| Abﬁt_r afT‘_Th's Corrr]eSpO”dence ?reselms "’l‘)” qnaéyzls ‘;‘f the f""]fe register the finite word-length effects, have been performed. The relationship
ength influence on the accuracy of results obtained by the time—frequency . . . -
distributions (TFD’s). In order to measure quality of the obtained results, between dY”am'C_ range of used _regls_ters and requ_lred quality _Of
the variance of the proposed model is found, signal-to-quantization representation defined by the SNR is derived. The obtained expression
noise ratio (SNR) is defined, and appropriate expressions are derived. can be used for the register lengths selection in the hardware
Floating- and fixed-point arithmetic are considered, with the analysis realization of TFD’s. The same expression may also be used in

of discrete random and discrete deterministic signals. It is shown that determination of mantissa and exponent lengths in hardware designs
commonly used reduced interference distributions (RID’s) exhibit similar

performance with respect to the SNR. We have also derived the expres- 1O floating-point arithmetic. _ o
sions establishing the relationship between the number of bits and the ~ The paper is organized as follows. After an introduction, in

required quality of representation (which is defined by the SNR), which  Section I, the variance of the CD of noisy signals is found, and
may be used for register-length design in hardware implementation of the SNR is defined. In Section Ill, influence of the finite word-
time—frequency algorithms. length on the results obtained by the TFD’s and the floating-
point arithmetic implementation is analyzed, both for random and
I. INTRODUCTION deterministic signals. In addition, the expressions that may be used
Classical Fourier analysis provides the spectrum of the analyZ&f mantissa and exponent length selection are derived. For the
signals. However, the obtained spectrum does not provide tiriake of completeness, corresponding results and conclusions for the
distribution of the spectral components. As opposed to the classiti¥fd-point case are derived in Section IV.
Fourier analysis, time—frequency signal analysis gives the distribution
in time of the signal's spectral components. The quadratic shift-
covariant TFD's, which may be treated as special cases of the Cohen
class of TFD's (CD), [2], [4], [5], [8], [13], [18], play the central Discrete form of the CD of signaf(x) is defined by [7], [9], [19]

Il. V ARIANCE OF THE COHEN CLASS OF DISTRIBUTIONS

role in this analysis. The most prominent members of this class L-1 .

are the Wigner distribution (WD) and the spectrogram, [3], [5], Cr(n. ki) = Z rp(n,i)e™ WF

[8]- Realizations of these TFD’s admit both hardware and software i=—L 1)
implementation. For real-time applications, it is often necessary to use L1

hardware implementation that gives rise to some new issues, one of  77(n.i) = Z e(m, i) f(n+m+i)f (n+m—1)

the most important being the selection of appropriate register length. m=—1L

Shorter register length requires less hardware, but it may prodweere N = 2L is the duration determined by the time-lag kernel
lower resolution and range. Registers of finite length used to represefite, ) width along the time and lag axis, whereagn, i) is the
signals in time—frequency analysis also introduce quantization err@gneralized autocorrelation function ¢fr). In order to analyze the
[11] that may adversely affect the obtained results. Rounding #fluence of the registers’ lengths to the accuracy of results obtained
arithmetic operation results also introduce errors, whose influen@g TFD’s from the CD, it is necessary to find the variance of the
to the final results depends on the chosen number representafiéien’s estimator when the signaln) = f(n)+v(n) is used. The
(fixed point or floating point). Fixed-point arithmetic is characterize@nalyzed signal is denoted bi(n), whereas/(n) denotes additive
by a narrow range and is more sensitive to addition overflow [g}oise with variancer;.
[11]. To overcome this problem, the floating-point representation Deterministic Signal: Suppose that the analyzed signgln) is
and arithmetic is used. It significantly extends dynamic range, bdgterministic. In that case, it can be shown [1], [14]-[16] that the
for a given register length, it must be done at the expense of th@riance of Cohen’s estimator is frequency dependent, and it can
precision. Therefore, a tradeoff between the lengths of mantissa &fddescribed as?. (k) = o7, (k) + o5, (k), wheres?, (k) is the
exponent should be carefully considered in the selection of hardwa@iance component depending on both the analyzed sfgnaland
for implementation. noisev(n), whereas 2, (k) depends on the additive noisén) only.

The effects of finite register length have been analyzed in the cadee mean of the total variance of Cohen’s estimator, in the case of
of the WD [6], [14]. This correspondence extends the analysis of [fpduency-modulated deterministic signgln) = Ae’*™) and in
and [14] to the TFD’s from the general CD [5], [8], [19] for thethe case of white Gaussian noise, has the form
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distributed noisev(n), is slightly different from the case of white where z(n) = f(n) + e(n). The following noise sources are

Gaussian noise, but the final result may approximately be describettoduced in the above equations:

by (2), as welf. e(n) noise due to quantization of the complex input
Random Signal:Let us assume the complex, quasistationary, sto- f(n);

chastic procesg(n) with variances}(n) and complex noise (n) e(n +m,i) noise due to quantization of the produdt: +

with variances2, both with independent real and imaginary parts m A4 Da*(n+m — i)

with equal variancesE{f(n1)f(n2)} = E{v(ni)v(n2)} = 0 p(n +m,m.,i) noise due to quantization of product of the

andE{f*(nﬂf*(nz)} = g{v*(’I?l)Vf(7lz)} :20, as well as kernelp(m, i) with a(n+m+i)a* (n+m—1);

E{f(n+i1)f" (n+iz)} = o5(n)o(iy —iz) [10] (o5 (n) is aslowly — (n, i k) noise due to quantization of product of the

varying function). Although this case has limited practical impor- auto-correlation function(n, ) with the basis

tance (time—frequency analysis takes place for highly nonstationary functions e —74ki/IV

signals), it allows a derivation of very simple relations that are use<,gjqering the definitions and the introduced assumptions, we can

for the e_stimation of a very complicated_ model for the finite r‘?gis‘t‘:éronclude that the corresponding variances of these noise sources are
lengths influence on the CD [11]. Applying analysis from [10] in the, 2 2 2 2 4g2

c = (J'l3 = aJ = aJ
case of quasistationary processes and supposing that the signal arﬂt'e noise sc/))urceglzn i k.p) andd(n + m,m.i,q), which are
noise processes are uncorrelated, it can be shown that the Variaﬁ]%%luced by the additilahs’ are also included in (li) Namely, the
of estimatorC’ (n,w; ), in the case of white Gaussian S'[O(:has'["f‘loating-point additions also produce the quantization errors, which
processes, takes the final form are represented by the multiplicative noise. Suppose that the additions

o2 (nk) = (a3(n) +02) E,. (3) in our model are done in the following manner: adding the adjacent
elements in the first step, then the adjacent sums in the next step, and
Ill. ANALYSIS OF THE QUATIZATION so on (what corresponds to the butterflies in the FFT algorithms);
EFFECTS WITH FLOATING-POINT ARITHMETIC then,L, and L, belonging to (4) ard, = L, = log, N. Note that

At ; L idrki /N
In the implementations based on the floating-point arithmetig?e error due to t_he quant|za_1t|on of the b_asm f_ur_1ct|on§ has_ "
the quantization only affects the mantissa. Thus, for the floatin ot been taken into analysis because it exhibits some deterministic

point representation, relative multiplicative error appears. In oth foperties, although it can also be modeled as white noise [11]. The

words, if we denote the quantized value@g] and its value before S2M€ reason 1S appllc_ed o the kernel quantization error.
quantization as:, we can writeQ[«] = (1 + «(n)), where(n) is Since the quantlﬁitlon errors gre smill, all hlgfgfl’ order error terms
the relative error due to the quantization of the arithmetic operatii" b'i neglectedl] 2, [1 + g(n, i, k. p)] = L+ >,2 g(n, ik, p),
result [11]. In order to make the appropriate analysis, we will assurB8d[ [, 2, [1+d(n+m,m,i.¢)] 2 1+372, d(n+m,m.i,q), and
the following [11], [14]. the proposed model (4), reduces to
1) The length of the mantissa(g+1) bits, and they are organized L-1
in the following mannerb bits are used for the absolute value ~ C(n. ki) = > {7'(71,,1')@’7'%“[1 +n(n,i k,p)}

of mantissa and one bit for sign. i=—L
2) The random variables of each of the relative quantization error L—1
are uncorrelated, i.e., the quantization error is a white-noise r(n,1) = Z {p(m,Dz(n+m +1)z"(n+m —1)
process that has the uniform distribution over the range® m=—L
to 27°. X [1 4+ €eq(n +m,m,i,q)]} (5)

3) The error sources are uncorrelated with one another. _ _ _
4) Allthe errors are uncorrelated with the input and, consequentiyheren(n,é, k, p) andecq(n + m,m.i,q) represent the equivalent
with all signals in the system. Note that the mean and tH¥!S€S

variance of each assumed relative extr) arem. = 0 and Ly
o2 =27%"/3 = ¢%, wherec is the base variance. n(naisk,p) = pln,i k) + Zg("*i’k’l’)
According to the assumptions, in the analysis of the finite register p=1
length influence on the CD, we will use the model €eq(n +m,m,i,q) = e(n+m,i) + p(n+m,m,q)
L—1 Ly
C(n, k@) = Z 'r(n,i)c_‘]%k’[l—l—/l,('n.,i,,k)] —i—Zd(n—l—'m,'m,i,q) (6)
i=—1L g=1
Ly, . . . 2 2 2 2
« H[l + g(nyi k. p)] with the corresponding variances, = o, + Lyo, and o, =

o +a, + L,o]. Based on the central limit theorem, the equivalent
noisesy(n, i, k, p) ande.q(n +m,m,i,q) behave as Gaussian since
they represent sums of the mutually statistically independent small
noises. After some straightforward transformations (the same ones as

p=1
T—1

r(n,i) = Z elm,Dx(n+m+i)z" (n+m —i)

et , . ) in [1], [7], and [14]-[16]), we obtain the variance of the CD model,
X [1+e(n+m, [l + p(n +m,m, )] given by (4), having in mind (6), in the form
Lg
. L—1 L—1
X 1+ d(n+m,m,i, 4 . o . o
(71:[1[ &l @ o’ (n k) =2 o2, (n, k) + o2, Z Z le(m, i)]°
i=—T m=—T,
lFor the case of stationary, white, uniformly distributed complex % E{|x WA I )12
noise v(n), variance o2,(k) has the formo2, (k) = oi(E, — {|Z(7Z tm Al 4 m =i}
6 L—1 2\ oy 4 P : —
3|Em:_,j p(m,0)]*) = opE,. In the sequel, it will be proved that 2 a2
for the RID distributions that satisfy the frequency marginal, the second term toy Z E{|r.(n.0)["}. (7)

may be neglected. i=—L
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TABLE |
FacTors FORSOME TIME-FREQUENCY DISTRIBUTIONS: BORN-JORDAN DISTRIBUTION (BJD), OPTIMAL AUTOTERM
DisTRIBUTION (OATD), CHolI-WiLLIAMS DisTRIBUTION (CWD), BUTTERWORTH DISTRIBUTION (BD),
SINc DisTRIBUTION (SINCD), PsEUDO WIGNER DISTRIBUTION WITH THE HANNING WinDow w?(7) (PWD)

Factors BJID OATD | CWD | BD SINCD | PWD
sin( 2C _ler} _e? 3 -
Kernel ¢(©, ) T(-r/ZZ_) s e o2 ﬁ%:l); rect(%) w?(r)
L-1 L-1
E,= le(m, ) | 12.5358 | 12.9121 | 15.4919 | 19.8952 22.3258 | 192
m=—Li=—L
l¢(0,01 /E, 0.0798 | 0.0774 | 0.0645 | 0.0503 0.0448 0.0052
L—1 L—1
C=,/Y 3 le(m,i)| | 49277 | 4.7620 | 4.5476 | 5.0046 4.8527 16
t=—Lm=-L
SNR/[dB] 81.3373 | 81.3462 | 81.3963 | 81.4525 81.4742 | 81.6344

In the last equation?,(n, k) is the variance of the CD of the where Ufwmmf, noise 1S the variance of model (4), assuming ideal
signalz(n) = f(n) + ¢(n) when the arithmetic is ideal, i.e., whenarithmetic ands? is given by (9)
only noisee(n), due to the quantization of input, exists. Its value, ) )
which has been obtained from the analysis of random signa), NSR= —7° 4 (341, +L,) {1 4 1#(0.0)]
is presented in (3), whereas in the case of deterministic FM signal o(n)
f(n), its mean value is given by (2) [far(n) = e(n)].

:|af. (12)

=}
Since|(0,0)|* < E,, we can approximate the last equation with

A. Random Signal NSR=< 02 /o3 + (3 + L, + Ly )0 (12)
Assume that the analyzed signéln) is a complex, quasistation-

ary, white Gaussian stochastic process (with varianpe:)), with  where 0% = min,{c7(n)} corresponds to the worst case with
independent real and imaginary parts. In this case, the varianceregpect to the register length design. In this case, all considered
the CD’s model has the form TFD’s show approximately equal characteristics with respect to the
2 ~ (4 2 2 NSR. The degree of the proposed approximation, i.e., the error we

n, k) = 3 205(n)o ) E. . . - ) L .

o (n k) (U‘f(n) +20(n)o )L T introduce with approximation (12), is different for different TFD’s
4 2 . " 2 and depends on the factdr,. This factor has been analyzed in
toyn)oe | Ee +7WZL|*(’n”O)| } detail in [1], [7], [15], and Table I. The kernels are given in the
- analogue ambiguity domain (for details, see [2], [4], [5], [8], [9],

L—-1 2 . . . . .
+ot el |E, + o(m. 0 ) 8 [13], and [18]). Dls.cretlzatlon is done taking the rarj@ < +vwL
75| B ,”L;L*(m ) } ® and|7| < v« L, with L = 256. The kernelg(m, 1) is calculated

. T Fourier transf m,i) = FTy[e(0,7)], wh (8,1

The last equation can be simplified in the case of all RIDS> 2 ourler_rans ormp(1m, i) . "[((. 1)) W ere_g( i) are
e : . amples ofe(©,7) along T, and# is a discrete-domain frequency

satisfying the frequency marginal property, as well as in the W — ©—Z—. In order to compare various TFD’s, their parameters

case. In these cases(m.:) is mainly concentrated at the origin of VL . .
the (m. i) plane and grouhd the (m = 0) axis [15]; therefore, we (0,0, 6,71 ) are chosen according to the results in [13]. The values

_ . = ; . of the SNR= 1/NSR [dB] (11) for the commonly used TFD’s
have S50 [p(m. 0 = |50, (m.0)FF = [o(0,0)] for /NSR [d8] (11) y

all TFD’s satisfying the frequency marginal condition, whei@, 0) belonging to the CD a_nd fob = .16 b.'ts ¢ is number of bits
) 3 - 2. ; L .___used to represent mantissa) are given in Table I. The error made by
is a constant,(0,0) = 1). In addition, using the definition of noises

n(n,i, k. p) andew (n+m.m.i.q) and applyinge? = o = o2 — apprqximation (12) have been calculated, gnd it has been concluded
e ’:’Jg — 2 :1 4o — o we get the variar(lce 012 the {;nodelthat it ranges from the case whép(0,0)*/E, = 0.0798 for
Jé‘(" k)din the form B °r the BJD, to O for the Zhao—-Atlas—Marks (ZAM) distribution since
N . ) ) its kernel [2] ¢(0,7) = |7|sin(©7/2)/(©7/2) hasc(4,0) = 0
o (n, k) = (Uf(n) + U}(7Z)UE)E¢ (does not satisfy frequency marginal condition), and consequently,
+03(n)(3+ Ly + Ly)ol[Es + |2(0,0)]]. 9) #(m,0) =0 for everym.

) 2 . . Another interesting distribution, which in the case of multicompo-
Note’ that the variance™(n, I‘) takes different values _for different nent signals may produce a sum of the Wigner distributions of each
TFD's from th? CD, depend_lr!g on the factst,. In [7], '_t has bee_r_1 signal component separately, is tlemethod [13], [16], [17]. Its
shown that this factor is minimized (under the marginal condltlorksemel in the time-lag domain is
and time-support constraint) with the kernel of the Born—Jordan
distribution (BJD), and consequently, it can be concluded that the , . .
minimal value of the variance”(n, k), in this case, is obtained by psw(m, i) = w(m + w(m — i)
the BJD. Almost the same value &, as in the case of the BJD, i}
is achieved by the autoterm optimal distribution kernel [13], which©" La = 0, the spectrogram follows, whereas i, +1 = N, we
has been derived in [15]. get the WD. Note that the kernekni(m, ) is not generally a sepa-

As a criterion for comparison of the individual TFD, we define th&able function. Factoly is introduced in order to keep the unbiased

sin[2rm(2Lg + 1)/N]
(2L, + 1)K sin(2xm/N)’

guantization noise-to-signal ratio (NSR) as energy condition for anyLy, K = 37, ; W,2(21)/(2La + 1),
o2 — 2. . andW,,2 (1) = FT{w?(m)}. For example, for the Hanning window
NSR = 5 |without noise (10) andLg = 4, we getE, = 9.1104 and SNR[dB]= 81.6509, whereas

T |without noise for the spectrograntL; = 0), we have SNR[dB} 81.6559.
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TABLE 11
VARIANCE, QUANTIZATION NOISE-TOSIGNAL RATIO, AND REGISTER LENGTH FOR THE COHEN CLASS OF
DISTRIBUTIONS, SUPPOSING SUFFICIENTLY SMALL SIGNAL SO THAT AN OVERFLOW DOES NoT OcCUR

Random signal Deterministic signal
i — 2 2
o?(k) = [(o% + %) +02]E, + (N + N)o? o?(k) = [(24* + )% + 02)E, + (N? + N)o?
~ (~N? +N)a ~ NZo2 ~ N3a* ~ A
NSR= —1 + 'l + 1B, = a3 E, SN Bmax = (A®+1)e2 B, +(NT+N)o3 = o2
~y—08+ m{SNR[dB] — 10log (Ep) — 20log (63)} | b2 72-{SN Rmax[dB] —40log A} — 0.8

SubstitutingL, = L, = log, N ando? into (12) and knowing  The mean value of the variance of the CD (7) can be presented

that the duration of a kernel commonly takes an integer powe of in the form

N = 27, the NSR can be represented in the formel2 L—1 L-—1
o2(k) = o2, (k) + ol Z Z (m,1)[?
i=—L m=—1L
NSR & %(34_2,,_,_1/0?.) .92 (13) X E{|ar(n+m+z)| |;L’(71,+m—i)|2}
L—-1
5 +42 E{lrs(n, i) 16
Observe that the NSR consists of two parts NSF§ (3+ 1/<rf ’,.:Z_;‘ { B 19

27%" 4+ 21 . 27%" = NSR + NSR.. The first component depends
only on "the number of bits needed to represent mantissa, wheréégre s, (k) is the mean value of the same variance for an ideal
the second component depends on both the kernel width (represelﬂféﬂi\metlc

by N = 2*) and the number of bits. The value of NSR on a Neglecting all higher order noises and applying a set of straight-

logarithmic scale is given by forward modifications, we get
L—1 —
4 a2(k) = 037 :) + oo m,i)
NSR; [dB] = 10log (NSR) = 10log <4 + E) —6.02b. (14) “a l_ZL m;L
X |fn4+m+)P|f(n+m— i)

It is clear that NSR [dB] decreases approximately 6 dB for each bit , = o
added to the register length. +on Y i) 17)

On the other hand, the second part is proportionai, tas opposed ==L

to the case of the fixed-point arithmetic, where it is proportional to Using the definitions of the equivalent noises (6), the last equation
the square ofV (see Section V). At the same time, the NSR pro- can be written as

portional to2~2°, and consequently, quadrupling(i.e., increasing ) 5 )

the signal’s durationV to the fourth power) results in an increase in o2(k) = o2, (k) + (‘7 +0, 4+ Lyoa)

the NSR, which corresponds to the reductionioby one bit. Thus, L-1 L=
in order to maintain the NSRat the same value, the increase of the X Z Z (m,i | [f(n+m+ l)|
distribution duration to the power of four can be compensated with i=—Lm=—L
the increase of the register length by one bit. X |f(n4+m—i)|*+ (o + Lyo})
It is interesting to present (12) as a fundamental dependence of L1 | L—1 2
dynamic range of the registers on the SNR % Z Z (m. i) f(n+m+i)f (n+m—i)
i=—L |m=—L
b2 0.2075 + m{lmog(i’) +2v+1/0}) + SNR[dB]}.  (15) (18)

For the deterministic FM signals?2. (%) is given by (2). The applica-

Using this expression, the number of bits needed to represent i of the Cauchy inequality [12] on the last . component of the mean
absolute value of mantissa for a given value of SNR can be easfiriance (18) (i.e., using the for@L 1L | Z 7_L e(m,i)f(n +

determined. For example, for = 10 ando? = 1, in order to keep ,, 4 i)f*(n +m —i)]> < NA*E,) for the given values of the

SNR[dB] > 80 dB, we have to usé = 16 bits to represent the jndividual quantization noises results in

mantissa. Equation (15) is very useful for the design of hardware )

for implementation of time—frequency algorithms. It can be used to ~ 0°(k) < [A” + A*(2+ Ly) + NA (1 + L]0l E,. (19)

appropriately dimension registers in order to satisfy required quality,

as expressed by the SNR, as well as to determine the number ofr?d(t
ca

For a reasonable choice of the duration of the analyzed signal
(N > 1), the second term in (19) can be neglected, and we
ﬁobtam the limit for the mean of varianeé(%) as

necessary to represent the mantissa and exponent in order to fi
tradeoff between required accuracy and range.
max{o2(k)} 2 [A* + NA* (1 4 L,)]02E,. (20)

B. Deterministic Signal Equation (20) represents a general maximized expression for the

In this section, we will analyze deterministic sigrfdh). In finding mean variance in the case of FM signals. However, this expression
the variance (7) of the model, we have decided to use its meeannot be used as a close approximation for many special signal forms
value since it requires a lower degree of knowledge of the analyzeidce in the Cauchy’s inequality, the equivalence very seldom occurs.
deterministic signalf(») [1], [15]. Consequently, we shall consider the specific signal forms because, in
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TABLE 11l

2039

VARIANCE, QUANTIZATION NOISE-TOSIGNAL RATIO, AND REGISTER LENGTH FOR THE COHEN CLASS
OF DISTRIBUTIONS WHEN THE ANALYZED SIGNAL |S APPROPRIATELY SCALED AT THE INPUT

Random signal

Deterministic signal

TR [ 2 2, o2ya? 2 2 2
a2(k) = [g+ (24" + F)F + 0l]Ep + (N + N)o:

o?(k) = [Ze (0} + F)* + 02]E, + (N? + N)o?
2

a cts? CY(N?4N)o? C'N?o N2a4/0* At
~ % 4 T le E SN Rmax = > A
NSR= a; + a'; a;E,, - a;E,, max (A2/C441)0?E, + (N34 N)eo3 Chog3

b=y — 0.8+ ;L {SNR[dB] - 10log (E,/C*) — 20log (c})}

~ _1

= .02

{SNRu.x[dB] — 40log A + 40log C} — 0.8

TABLE IV
VARIANCE, QUANTIZATION NOISE-TOSIGNAL RATIO, AND

REGISTER LENGTH FOR THE COHEN CLASS

OF DISTRIBUTIONS IMPLEMENTED USING THE FFT ALGORITHMS WITH SCALE FACTORS OF 1/2

Random signal

Deterministic signal

o’ (k) = 23l(o} +02/2)* + 02]E, + 507 o2 (k) = 33((24% + 02 /2)0? /2 + 03] E, + 501
~ o2 o3 6N302 ., EN?o2 ~ N3a* ~ At
NSR= g+ a0t om ® oim, SN Rax = Grpayods, rowve? = 502

b2 v+ 0.3685 4 ;55 {SNR[dB] - 10log (E,) — 20log (c})}

& L [SNRuay[dB] — 40log A} + 0.3685

6.02

the special cases, the approximation closer to the exact value tanus, finally represent the above analysis for deterministic sinusoidal

be found. It makes the analysis of the mean variam¢g:) more
reliable.

signal in the form of a relationship between the dynamic register range
(i.e.,

Example: Let us consider the special form of an FM signalalue) and the induced quantization error

f(n) = Ae’*™ with a slowly varying frequencyw(n) such
that f(n 4+ m = )p(m, i) = Ap(m,i)e’P0IT=0)mED) Wwithin
the considered lag interval. In this case, we hawg(n,q)|?
A*|¢(0,4)]* so that (17), for the TFD’s satisfying the time marginal
condition, may be reduced to

oi(k) = (24%2 + A'¢l)E, + NA'oy. (21)

number of bits used for representation of the mantissa’s absolute
~ Ry 14 1 ) P 12 E\f,
b= 02075 — o+ m{10106|:(2+y +1/AY) S+ 1+

+ SNRmx[dB]} (24)

where the values oF., for the considered TFD’s may be found in
Table I. The above equation may be used in hardware design to de-

Observe that the mean variance of the model of CD is directigrmine registers’ lengths necessary to keep SNRat an acceptable
proportional to the factoF,, as in the case of the maximal value oflevel. For example, fod =1, N = 512 and SNR....[dB] > 80 dB,

a2(k) for the FM signals (20).

we get mantissa length = 11 for all considered RID’s satisfying

Finally, define the maximal signal-to-quantization noise ratigrarginal properties.

(SNRy.x) for deterministic signals as a ratio between maximal
square absolute value of the considered distribution and the model
mean variance[16]

SNRuax = max{|C(n, k;©)|*}/o2(k).

(22)

IV. ANALYSIS OF THE QUANTIZATION
EFFECTS WITH FIXED-POINT ARITHMETIC

When the numbers are represented using fixed-point notation, the

guantization errors occur only for multiplication. However, it is
Analysis of the sinusoidal signaf(n) in the case of TFD’s possible to cause an overflow when preforming an addition operation.
satisfying the time-marginal condition, relatively easily shows thadih the analysis of the influence of the finite register length in fixed-
Cr(n,k;p) = NA?6(k — ko); therefore, the ratio SNR.x may be point arithmetic, we will use the model

represented as:

NZ At

SNRyax = .
Ria: (2;4202 + A4cr§q)E9, + 1’\7‘#’14037

(23)

2Another possible definition of the SNR is the local ratio of distribution
and its model mean variance:

|C(n, ks )|
o2(k)

SNR=

L-1
C(n,k;p) = Z {'r(n,i)c*j%ki —i—/l,(n,i,k)}

i=—1

L—1
r(n,i) = Z {e(m,))[z(n+m +i)z" (n +m — 1)
m=—L

+e(n+m,i)]+ pn+m,m,i)}. (25)

Quantization errors stemming from this model are analogous to the

ones induced by the floating-point arithmetic (Section Ill) [6], [11],

However, we preferred definition (22) since it produces simpler results. I:E4]
also compares the peak value of the TFD with the quantization noise in IEn 3

time—frequency plane. This is very reasonable in many practical applicatiot§,s = ¢

2 2

with the corresponding varianc€s? = o2 Ty,

2 (6% = 27%/12—basic variance value). However, as

:JH:

where a TFD [its peak value(s)] is used to estimate the instantaneous frequePgposed to the case of floating-point arithmetic, these errors are
of a signal. In this case, we are not interested in the local ratio, especiafigditive [11].

at the points where the TFD is equal to zero. For that point, it is better to
compare the mean variance, due to quantization effects, with the maximu
value of the TFD since this ratio represents the measure of a possible false

peak detection (i.e., wrong frequency detection).

m1) Assume first that the analyzed signal is small enough so that

an overflow cannot occur. After several appropriate transfor-
mations (the same with ones presented in Section lll), it may
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be shown that the model variance takes the form quality representation. For example, far = 1, N = 512, and
_ _ ‘ o _ SNRunax[dB] > 80 dB, we haveb = 13, b = 18, andb = 14,
o’ (k) =03, (k)+ 0 E,+ N°0, + No. (26) respectively, for all considered TFD’s from the RID class.
The above result is obtained by assuming calculations based

on the conventional DFT arithmetic. Calculations are usually . . )
performed by the FFT algorithms. The results, however, remain Ve have analyzed finite register length influence on the accuracy
the same by using, for example, the “decimation-in-timem results obtained by the time—frequency analysis for the cases of

algorithm. Namely, in that case, the last component from (zgfating-poin_t _an_d fixed-point arithmetic as well as for the random

is (N — 1)o? = No2 [11]. and determlnlstlg FM signals. It has been _s.hov_vn. that commonly
When signalf(n) is not small enough, we should take caré‘s_ed representations from the RID class exhibit similar perfor_mance,

to prevent the overflow effects. Assuming that the sampies with respect to the SNR, in al! analy.zed cases. We have.derlveq ’Fhe

are located within the intervdD, 1), we may use one of the expressions that can be used in maklng_ the hardvv_are_ design d_ecnsflons

following two methods to account for possible overflow. related to the conflict between the desire to obtain fine quantization

V. CONCLUSION

. L 1 1 ) and wide dynamic range while holding the register length fixed. The
2) It the signal is divided by’ = \/_Zi:—L m==L |"5(m“7_')|’ obtained results may be used in the optimization of register length,
an overflow cannot occur. In this case, the variantg:) is  which is an important factor in hardware implementations of TFD’s.
0'2(]{7) = (T;Z_L(l-)/CA + 0'5E¢ + .erﬂ'ﬁ + [V(Ti. (27) REFERENCES
3) Using the scaling with factors of 1/2 [11], in the FFT algorithm, [1] M. G. Amin, “Minimum variance time-frequency distribution kernels

we may avoid the overflow as well. All the signals at the
input of an FFT block—generalized auto-correlation function[z]
r»(n,7) and the noises(n) and p(n)—get lowered by the

factor of N at its output. At the same time, we should prevent
an overflow in the calculation of the generalized autocorrelation
function given by (25) so that the analyzed signal is scaled b

the factorC, \/maxi Zﬁ;ﬂL |¢(m,i)|. For the considered
RID’s, which satisfy the frequency marginal, and for the WD, [4]
we haveC SEL  |e(m,0)] = 1. Thus, in this case,
variance (26) may be represented by

(5]

1 (6]

—(Uix(k) + J?E*,) + Ui + 405.

2
o (k) = N2

(28)
As before (Section ), we have considered both random and’]
deterministic signalsf(n).

Random Signal:If we assume a random, white, and uniformly [8]
distributed signaf (n), then variances (26)—(28), the NSR coefficient,
and register lengtth as a function of SNR andvV = 2 assume 9l
the forms presented in Tables II-IV. For the considered TFD'’s, thé
error done by approximation in NSR (withff =1, N =512, and
b = 16) is of order 0.1% and 0.001%, respectively. The relatiofl0]
for the register lengthh may be used for the hardware realization of
TFD’s. For example, assuminy = 512 (and consequently = 9), [11]
(r]% =1, and SNR[dB]> 80 dB, we get the registers length defined by
b =20, b = 25, andb = 21, respectively. Obtained results are valid12]
for all considered RID’s satisfying the frequency marginal property13l
Note that as in the case of floating-point arithmetic, the dynamic
range of registers is represented hyHowever, in this case) is |14
the number of bits necessary for the representation of the signal’s
sample absolute value.

Deterministic Signal: The means of expressions (26)—(28), asitol
suming a deterministic FM signaf(n) = Ae’¥("™ according to
(2), are given in Tables lI-IV, along with the SNR. (for the [16]
sinusoidal signal and TFD’s satisfying the time-marginal condition)
and the expressions for the interrelationship between the dynamic
range of the used registers (describedtpyand the required ratio 4,
SNR..x. Relations are presented for the case of conventional DFT
(and approximately the FFT) and scaled FFT algorithms using 1/2
factors. The approximation error of the SNR for the analyzed [18]
TFD’s (Table I) withA = 1/2, N = 512, andb = 16, is of order
0.1% and 0.001%, respectively. From the expression for.SNRwe  [19)]
can determine the necessary register’'s word length for the required

for signals in additive noise,IEEE Trans. Signal Processingol. 44,

pp. 2352-2356, Sept. 1996.

L. E. Atlas, Y. Zhao, and R. J. Marks, Il, “The use of cone shape
kernels for generalized time-frequency representations of nonstationary
signals,” IEEE Trans. Acoust., Speech, Signal Processirgy. 38, pp.
1084-1091, 1990.

] B. Boashash and P. J. Black, “An efficient real-time implementation

of the Wigner-Vile distribution,”|EEE Trans. Acoust., Speech, Signal
Processingvol. ASSP-35, pp. 1611-1618, Nov. 1987.

H. Choi and W. Williams, “Improved time-frequency representation
of multicomponent signals using exponential kernelE§EE Trans.
Acoust., Speech, Signal Processiugl. 37, pp. 862-871, June 1989.

L. Cohen, “Time-frequency distributions—A reviewi?roc. |IEEE vol.

77, pp. 941-981, July 1989.

C. Griffin, P. Rao, and F. Taylor, “Roundoff error analysis of the discrete
Wigner distribution using fixed-point arithmetic|EEE Trans. Signal
Processingvol. 39, pp. 2096-2098, Sept. 1991.

S. B. Hearon and M. G. Amin, “Minimum-variance time-frequency
distributions kernels,”IEEE Trans. Signal Processingvol. 43, pp.
1258-1262, May 1995.

F. Hlawatsch and G. F. Broudreaux-Bartels, “Linear and quadratic time-
frequency signal representationlEEE Signal Processing Magpp.
21-67, Apr. 1992.

J. Jeong and W. J. Williams, “Alias-free generalized discrete-time time-
frequency distributions,IEEE Trans. Signal Processingol. 40, pp.
2757-2765, Nov. 1992.

W. Martin and P. Flandrin, “Wigner-Ville spectral analysis os nonsta-
tionary processes/EEE Trans. Acoust., Speech, Signal Processiog
ASSP-33, pp. 1461-1470, Dec. 1985.

A. V. Oppenheim and R. W. Schafddjgital Signal ProcessingEngle-
wood Cliffs, NJ: Prentice-Hall, 1975, pp. 404—-479.

A. Papoulis,Signal Analysis New York: McGraw-Hill, 1977.

LJ. Stankowt, “Auto-term representation by the reduced interference
distributions; A procedure for kernel designlEEE Trans. Signal
Processing vol. 44, pp. 1557-1564, June 1996.

] LJ. Stankowt’and S. Stankowej“On the Wigner distribution on discrete-

time noisy signals with application to the study of quantization effect,”
IEEE Trans. Signal Processingol. 42, pp. 1863-1867, July 1994.

LJ. Stankowt and V. Ivanowt, “Further results on the minimum
variance time-frequency distributions kerneliEE Trans. Signal Pro-
cessing vol. 45, pp. 1650-1655, June 1997.

LJ. Stankow, V. Ivanovi, and Z. Petrow, “Unified approach to the
noise analysis in the Wigner distribution and spectrogram using the
S-method,” Ann. des Telecommnos. 11/12, pp. 585-594, Nov./Dec.
1996.

S. Stankow and LJ. Stanko@ “Architecture for the realization of a
system for time-frequency analysidEEE Trans. Circuits Syst. |ivol.

44, pp. 600-604, July 1997.

D. Wu and J. M. Morris, “Time-frequency representation using a radial
Butterworth kernel,” inProc. IEEE IS-TSTFAPhiladelphia, PA, Oct.
1994, pp. 60-63.

D. Wu and J. M. Morris, “Discrete Cohen’s class of distributions,” in
Proc. IEEE IS-TSTFAPhiladelphia, PA, Oct. 1994, pp. 532-535.



