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Analysis, processing and parameters
estimation of signals whose spectral con-
tent changes in time are of crucial in-
terest in many applications, including
radar, acoustics, biomedicine, commu-
nications, multimedia, seismic, and car
industry [1]- [11]. Various signal repre-
sentations have been introduced to deal
with this kind of signals within the area
known as time-frequency (TF) signal
analysis. The oldest analysis tool in this
area is the short-time Fourier transform
(STFT), as a direct extension of the
classical Fourier analysis. The other key
tool is the Wigner distribution, intro-
duced in signal analysis from quantum
mechanics. The aim of this note is to
present and relate these two of the most
important tools in the TF signal analysis,
the STFT and the Wigner distribution
(introduced by two Nobel prize winners,
D. Gabor and E. Wigner, respectively).
This relation is a basis for the S-method,
an efficient and simple TF signal anal-
ysis tool providing a gradual transition
between these two representations.

I. RELEVANCE

Time-frequency analysis is of great
importance to researchers, students and
engineers dealing in their work or re-
search with processing of signals with
time-varying spectra. Two main ap-
proaches are used in TF signal analysis.
One of them is based on the STFT and
its variations and parameter optimiza-
tions. The other is based on the Wigner
distribution, including its cross-terms re-
duced forms, defined through a general
Cohen class of distributions. Since most
of the classical time-frequency analysis
tools are based on the STFT calcula-
tion, an approach that can simply and
efficiently upgrade the existing STFT
based systems toward higher concen-
trated Wigner distribution forms is of
great practical and theoretical signifi-
cance.

II. PREREQUISITES

This article assumes a basic knowl-
edge of the linear algebra and the Fourier

transforms, including discrete Fourier
transform (DFT).

III. PROBLEM STATEMENT

Present a direct relation between two
of the most important tools in the TF sig-
nal analysis, the STFT and the Wigner
distribution. Using this relation, imple-
ment a gradual transition from the STFT
toward the Wigner distribution. Produce
a time-frequency representation, com-
bining good properties of the cross-terms
free STFT and the highly concentrated
Wigner distribution.

IV. SHORT-TIME FOURIER
TRANSFORM

Basic idea behind the STFT, as the
initial and the simplest TF representa-
tion, is to apply the Fourier transform
(FT) to a localized (truncated) signal
x(t), obtained by using a sliding window
function w(t). It is defined by

S(t,Q) = [ x(t+1)w(t)e " dr. (1)
It is clear that the STFT satisfies prop-
erties inherited from the FT.

In the discrete time-frequency domain
the STFT, at an instant n and frequency
k, reads

V=

—1
x(n+m)w(m)e_12ank.
N
-3

Sn(n,k) =

m

The STFT Sy(n,k) is calculated us-
ing signal samples within the window
[n—=N/2,n+N/2—1] for —N/2 <k <
N/2—1, corresponding to an even num-
ber of N discrete frequencies from —x
to m. For an odd N the summation
limits are £(N —1)/2. A wide window
includes signal samples over a wide
time interval, losing the possibility to
detect fast changes in time, but achiev-
ing high frequency resolution. A narrow
window in the STFT will track time
changes, but with a small resolution in
frequency. Two extreme cases are N = 1
when S;(n,k) = x(n) and N = M with
Sm(n,k) = X (k), where M is the num-
ber of all available signal samples and

X (k) = DFT{x(n)} is a discrete FT of
the signal.

Constant or, in general, varying win-
dow widths N; could be used for differ-
ent time instants 7;. Assuming a rectan-
gular window we can write,

SNi (ni7k) =

Sw; (ni) = Wi, xn; (n;), )

where Sy, (n;) and xy,(n;) are column
vectors with elements Sy (n;,k), k =
—N;/2,..., Ni/2—1 and x(n; +m), m =
—N;/2,..., N;/2 — 1, respectively. Matrix
Wy, is an N; x N; DFT matrix with
elements exp(—j2mmk/N;), where m is
the column index and k is the row index
of the matrix. The STFT value Sy, (n;, k)
is presented as a block in the TF plane
of the width N; in the time direction,
covering all time instants [n; —N;/2,n; +
N;/2—1] used in its calculation. The fre-
quency axis can be labeled with the DFT
indices p = —M/2,...,M/2 — 1 corre-
sponding to the DFT frequencies 2wp/M
(blue dot positions in Fig.1a), b)). With
respect to this axis labeling, the block
Sn; (ni k) will be positioned at the fre-
quency 27k /N; = 2n(kM/N;)/M, i.e., at
p = kM/N;. The block width in fre-
quency is M/N; DFT samples. There-
fore the block area in time and DFT
frequency is always equal to the number
of all available signal samples M, Fig.1.
When N; changes with n; we have
the case of a time-varying window.
In a nonoverlapping STFT, covering all
signal samples x =[x(0),x(1),...,x(M —
1)]T with S, (n;), the STFT should be
calculated at no = No/2, nj = No+N; /2,
ny =No+Ni+Ny/2,..., ng =M — Ng /2.
A matrix form for all STFT values is

Wy, 0 e 0
0 Wy, - 0
S=1 . . . ) X
0 0 Wy,
S=Wx = WW,,'X, 3)

where S is a column vector containing
all STFT vectors Sy,(n;), i =0,1,...,
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Fig. 1.
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on the horizontal axis, while the DFT frequency index is shown on the vertical axis.

K, X=Wyx is a DFT of the whole
signal x(n), while W is a block ma-
trix (M x M) formed from the smaller
DFT matrices Wy,, Wy, ...,.Wyy, as in
(2). Since the time-varying nonoverlap-
ping STFT corresponds to a decimation-
in-time DFT scheme, its calculation
is more efficient than the DFT cal-
culation of the whole signal. Illustra-
tion of time-varying window STFTs is
shown in Fig.1(a), (b). For a signal with
M samples, there is a large number
F(M) = 2M=1 of possible nonoverlap-
ping STFTs with a time-varying window
N; €{1,2,3,....,M}, [12]. A simple way
to compare various STFTs from the con-
centration point of view is described in
Example 1.

In general, for a nonrectangular win-
dow, (2) is slightly modified as Sy, (n;) =
Wy, Hy Xy, (n;), where Hy; is a diagonal
N; x N; matrix with the window val-
ues on the diagonal, H;(m,m) = w;(m),
m=—N;/2,...,N;/2—1. In a full matrix
notation, for all nonoverlapping instants
n;, we get

S = WHx, 4)

where W and H are M x M matrices
formed from smaller N; X N; matrices
Wy, and Hy,, respectively, as in (3).
Another way of composing STFTs cal-
culated with a rectangular window into a
STFT with, for example, the Hann(ing),
Hamming, or Blackman window, is pre-
sented in Example 2.

The STFT may use frequency-
varying window as well. For a given
DFT frequency p; the window width
in time is constant, Fig.1(c). Combin-
ing time-varying and frequency-varying
windows we get hybrid TF-varying
windows with SN(“) (ni,k;), Fig.1(d).
They are efficiently used for adaptive

estimation and filtering. For a graphical
representation of the STFT with vary-
ing windows, the corresponding STFT
value should be assigned to each instant
n=0,1,....M—1 and each DFT fre-
quency p=—-M/2,-M/2+1,...M/2—
1 within a block. In the case of a hybrid
TF-varying window the matrix form is
not obtained from blocks, as in the time-
varying case, but writing expression for
each STFT value. For example, for the
STFT calculated as in Fig.1(d), for each
STFT: S4(2, —2), 54(67 —2), S4(]O7 —2),
S2(13,—1), ..., Sg(12,3), an expression
based on (2) should be written. Then the
resulting matrix S = Wx can be formed.

Nonoverapping cases are important
and easy for analysis. They also keep the
number of the STFT coefficients equal to
the number of the signal samples. How-
ever there several reasons for introduc-
ing overlapped STFT representations.
Rectangular windows have poor local-
ization in the frequency domain. Study
of the well-localized window forms in
the TF domain has been an important
topic, since the STFT concept was in-
troduced. In the case of nonrectangular
windows some of the signal samples
are weighted in such a way that their
contribution to the final representation
is small. Then we want to use at least
one more STFT with a window centered
at these samples. Also, in the param-
eters estimation and detection the task
is to achieve the best possible estima-
tion or detection for each time instant
instead of using interpolations for the
skipped instants. Commonly, the over-
lapped STFTs are calculated using, for
example, rectangular, Hann(ing), Ham-
ming, Bartlett, Kaiser, or Blackman win-
dow of a constant window width N
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The STFTs with a: (a), (b) time-varying window, (c) frequency-varying window, and (d) time-frequency-varying window. Time index is presented

with steps N/2, N/4, N/8,... in time.
Computational cost is increased in the
overlapped STFTs. Analysis of overlap-
ping cases may be considered as a su-
perposition of the nonoverlapping cases
(Example 2).

Dimensions of the STFT blocks (res-
olutions) are determined by the win-
dow width. The best STFT for a signal
would be the one whose window form
fits the best to the signal’s TF content.
Consider, for example, an important and
simple signal such as a linear frequency
modulated (LFM) chirp. For simplicity
of analysis assume that its IF coincides
with the TF plane diagonal. It is obvious
that, due to symmetry, both time and
frequency resolution are equally impor-
tant. Therefore, the best STFT would
be the one calculated by using a con-
stant window whose block has an equal
number of samples in time and DFT
frequency, N; = M/N; [4], [12]. For this
LFM signal, for example, with M =256
samples in total, the best choice would
be the STFT with N; = /M = 16. With
such a window both resolutions will be
the same and equal 16. These resolutions
could be unacceptably low for many
applications. It means that the STFT,
including all of its possible time and/or
frequency-varying window forms, would
be unacceptable as a TF representation
of this signal. Overlapping STFT could
be used for better signal tracking, with-
out any influence to the resolution.

A way to improve TF representation
of this signal is in transforming the
signal into a sinusoid whose constant
frequency is equal to the IF value of
the LFM signal at the considered instant.
Then, a wide window can be used, with a
high frequency resolution. The obtained



result is valid for the considered in-
stant only and the signal transformation
procedure should be repeated for each
instant of interest.

V. WIGNER DISTRIBUTION

Quadratic TF representations are in-
troduced in order to improve TF con-
centration of signals with time-varying
spectral content and to satisfy some
other important properties, like for ex-
ample, time and frequency marginal
properties [2]- [12]. The most important
member of quadratic representations is
the Wigner distribution (WD). It was
defined in the quantum mechanics and
later reintroduced in signal analysis by
Ville.

A simple way to introduce this
distribution is presented. Consider an
LFM signal, x(t) = Aexp(jo(r)) =
Aexp(j(at®/2+bt +c)). Its IF changes
in time as Q;(¢t) = do¢(r)/dt = at + .
One of the goals of TF analysis is to
obtain a function that will fully concen-
trate the signal power along its IF. In
this case an ideal representation would
be 2wA%5(Q — Q;(t)). For a quadratic
function ¢(¢), it is known that

220 o D g5
=t(at+b) = 1Q,(t).

This property can easily be converted
into an ideal TF representation for an
LFM signal by using

FT{x(t+1/2)x"(t —7/2)} =
FT {A%e/%07} = 27A25(Q — Qi(1)).

The FT of x(r+ t/2)x*(t — t/2) over 1,
for a given ¢, is the WD. Its definition,
in a pseudo form (including window), is

)

WD(1,Q) = [ x{i+3)x"(1-7)

xw(z)w(—z)efjmdr. 3)
2 2
Soon after it was introduced in signal
processing it has been concluded that,
due to its quadratic nature, this distribu-
tion has very emphatic cross-terms, lim-
iting its applications with multicompo-
nent signals. The cross-terms correspond
to the product of one signal component
in x(¢t+7/2) with other component in
x*(t — t/2). The main research direc-
tion for decades was to attenuate the

cross-terms once the WD or its two-
dimensional FT (well known ambigu-
ity function (AF)) is calculated. Various
forms of two-dimensional smoothing of
the WD are proposed, using the property
that the cross-terms are oscillatory in
the TF domain (Fig. 3(b) and Example
4). After the WD or the AF is calcu-
lated, two-dimensional low pass kernels
are used to suppress the cross-terms
(Choi-Williams, Butterworth, Sinc, op-
timal Gaussian, Zao-Atlas-Marks... ker-
nels [2]- [6]). Keeping the values of
the AF along the axes unchanged, the
marginal properties are preserved. The
reason for introducing so many distri-
butions lies in the fact that the cross-
terms reduction and high concentration
of auto-terms are two contradictory re-
quirements. In order to deal with this
issue, various compromises were made,
resulting in various distributions.

VI. FROM THE STFT TO THE WD

A simple way to prevent the cross-
terms appearance while gradually trans-
forming TF representation from the
cross-terms free STFT (its squared mod-
ulus - spectrogram) toward the WD is
based on the relation between two the
most important TF representations, the
STFT and the WD, established via the
S-method (SM), [12],

SM(t,Q) =

=

}OP(G)S(I,Q-F 0)S*(t,Q— 6)d6.

This relation easily follows from (5),
replacing x(r 4 t/2)w(t/2) by its inverse
J=.8(t,0)exp(jOT/2)d0 from (1). The
special cases of the SM are the WD
for P(6) =1 and the spectrogram for
P(0) = 76(0). By increasing the width
of P(0) from the spectrogram case, we
get a gradual transition toward the highly
concentrated WD. The best choice of the
width of P(0) is the one which enables
complete integration over the auto-terms,
without the cross terms. Then, the SM
produces a sum of the WDs of signal
components.
A discrete form of the SM reads

L
SMy(n,k) = Y Sy(n,k+1)Sy(n,k—1i)
=L

for P(i) =1, —L <i <L (a weighted
form P(i) = 1/(2L+1) could be used).

A recursive relation for the SM calcula-
tion is

SML(n,k) = SML,1 (n,k)
+2Re[Sy(n,k+L)S}(n,k—L)],

The spectrogram is the initial dis-
tribution  SMo(n,k) = |[Sy(n,k)|* and
2Re[Sn(n,k+i)Sy(n,k—i)], i=1, 2,..,
L are the correction terms. Considering
the parameter L as a frame index, we can
make a video of the transition from the
spectrogram to the WD.

There are two ways to implement
summation in the SM. The first one is
with a constant L. Theoretically, in order
to get the WD for each individual com-
ponent, the number of correcting terms
L should be such that 2L is equal to the
width of the widest auto-term. This will
guarantee cross-terms free distribution
for all components which are at least
2L frequency samples apart. The opti-
mal number of correction terms can be
found by measuring the SM concentra-
tion (sparsity), as a function of L, using
the norm-one of the STFT or norm-one-
half of the spectrogram and the SM, as
in [8] (see Example 3).

The second way to implement the
SM is with a TF dependent L = L, ).
The summation, for each point (n,k),
is performed as long as the absolute
values of Sy(n,k+1i) and Sy (n,k—i)
for that (n,k) are above an assumed
reference level (established, for exam-
ple, as a few percents of the STFT
maximal value). Here, we start with the
spectrogram, L = (. Consider the cor-
rection term Sy (n,k+i)Sy(n,k—i) with
i = 1. If the STFT values are above
the reference level then it is included in
summation. The next term, with { = 2
is considered in the same way, and so
on. The summation is stopped when
a STFT in a correcting term is below
the reference level. This procedure will
guarantee cross-terms free distribution
for components that do not overlap in
the STFT.

Note that, the SM calculation is alias-
free for any L (including the alias-free
WD), with the same signal sampling rate
as in the STFT (Examples 3 and 4).

VII. GENERALIZATIONS

The smoothed spectrogram is
composed of two STFTs Sy(nk +
i)Sx(n,k + i) for several values of
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Analysis of a signal consisting of three LFM components (at the instant n = 0). (a) The STTFT with a cosine window of the width N = 64. (b)

The spectrogram. (c) The first correction term. (d) The SM with one correction term. (¢) The second correction term. (f) The SM with two correction terms.
(g) The SM with three correction terms. (h) The SM with five correction terms. (i) The SM with eight correction terms. (j) The WD (the SM with L =31

correction term).

i =0,%1,... in the same direction of
index i, resulting in the distribution
spread, in contrast to the SM, where
two STFTs are composed in a counter-
direction, Sy (n,k+i)Sx(n,k—i). These
forms were used as a basis to divide
the estimators of discrete time-varying
processes into two classes in [7].
Considering the SM as a concept of
composing two transforms, it can be
generalized and used in the realization
of cross-terms free higher order TF rep-
resentations (like polynomial Wigner-
Ville, L-Wigner or complex-time distri-
butions), starting from the STFT. Other
forms of the SM are also studied, like a
time-direction form, a two-dimensional
TF form, a fractional or local polyno-
mial FT form, and an affine form. The
SM has also been used as a tool for
an efficient signal decomposition, [12].
The SM calculation based on TF-varying
windows in the STFT is used for a TF
representation of noisy signals [9].

VIII. CONCLUSION

The STFT as a time and frequency
localized version of the Fourier trans-
form is presented. It has been shown
that this representation can be gradu-
ally transformed into better concentrated
Wigner distribution. From this transition
process we can learn about: the auto-
terms concentration improvement, the
cross-terms appearance, how to control
them, and how to obtain a representation
combining good properties of the cross-
terms free STFT and highly concentrated
Wigner distribution.
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Example 1: Consider a signal x(n)
with M = 16 samples, whose values
are x = [0.5, 0.5, —0.25, j0.25, 0.25,
—Jj0.25, —0.25, 0.25, —0.25, 0.25, 0.5,

0.5, —j0.5, j0.5, 0, —1]. Some of its
onoverlapping STFTs are calculated ac-
cording to (2) and shown in Fig.1. Dif-
ferent representations can be compared
based on the concentration measures,
for example,

ISy 0] = £ [Sw(n.0] = 5],

The best STFT representation, in this
sense, would be the one with the smallest
WU[Sn(n,k)], [8]. For the considered sig-
nal and its four representations shown in
Fig.1 the best representation, according
to this criterion, is the one shown in
Fig.1(b). If we know the best concen-
trated STFT representation of signal we
may use it to define an efficient filter
Sform using TF mask B(n,k) =1 for the
TF part of plane with significant signal
values and B(n,k) =0 for noise-only
parts. When the measure is used for con-
centration comparison of different repre-
sentations it is recommended to use their
normalized values.

Example 2: A nonoverlapping STFT
is presented in Fig.1(a). Calculation
instants are n; € {2,6,12} = Nc.
If we want to use only this STFT
for a TF representation of a signal,
then the STFT values calculated at
n;i € N¢ should be used for signal
parameters estimation at instants n; €
{0,1,3,4,5,7,8,9,10,11,13,14,15}.
This could be too rough for many
applications. Then, instead of using
the STFTs calculated for n; € N¢
we would like to calculate STFT for
some or all n; ¢ Nc. For example,
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Fig. 3.
(d) the S-method.

we may also want to calculate
STFTs at n; € {1,4,8,11,13,14,15},
with respective window widths N; =
2,4,422 1,1 (Fig.l(b)). The over-
lapped STFT, calculated at n; €
{1,2,4,6,8,11,12,13,14,15}, can be
written in a matrix form (4) by using
appropriate matrices Wy, and Hy, with
overalapping in rows, corresponding
to the signal overlapping in time.
In this case, there are 2M STFT
values calculated for a signal with
M samples. These STFT values are
not independent. Dimension of the
transformation matrix W in (4) is now
2M x M. Another possible way of writing
an overlapping STFT is in splitting it
into nonoverapping STFTs (as in the
STFTs presented in Fig.1(a) and Fig.1(b)
and denoted by S* and SP, respectively,
using the corresponding figure labels as
a superscript). The full STFT set S, with
overlapping S® and SP, is calculated
based on (3) as
}X.

)|

For the analysis of signal inversion, by
using the overlap and add method, we
can write 8* + 8 = (W + Wh)x.

For instants n=10,3,5,7,9,10 we can
use one of the existing STFTs that in-
clude these instants in calculation or
calculate new STFTs, introducing the
third, fourth,... overlapping layer.

A special case of overlapping STFT
with a constant rectangular window and
step 1, nj =n;_1+ 1, can be calculated
from (2) in a recursive way

‘Vﬂ
WP

SN(nvk) = ejzn'k/N{SN(n* lak)+
(D p(n+ 5 = 1) —x(n =5 = 1)]}.
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=

For the Hann(ing) window, the STFT
is related to the STFT calculated with
a rectangular window as Si(n,k) =
ISn(n,k) + Sn(n.k — 1) + LSy (nk +
1). Similar relations may be written for
the Hamming and the Blackman window.

Example 3: A signal consisting
of three LFM components, x(n) =
Y} Aiexp(jaimn/32 + jbiwn®/1024),
with (aj,az,a3) = (=21,—1,20) and
(by,b2,b3) = (2,-0.75,-2.8), is
considered at the instant n = 0. The
IFs of the signal components are
ki = a;, while the normalized squared
amplitudes of the components are
indicated by dotted lines in Fig.2. An
ideal TF representation of this signal,
at n =0, would be 1(0,k) = A28 (k —
ki) +A38(k — ko) + A38(k — k3). The
starting STFT, with the corresponding
spectrogram, obtained by using the
cosine window of the width N = 64
is shown in Fig.2(a),(b). The first
correction term is presented in Fig.2(c).
The result of summing the spectrogram
with the first correction term is the
SM with L =1, Fig.2(d). The second
correction term (Fig.2(e)) when added
to SM;(0,k), produces the SM with
L =2, Fig.2(f). The SMs for L =3, 5,
and 8, ending with the WD (L = 31)
are presented in Fig.2(g)-(j). Just a few
correction terms are sufficient in this
case to achieve a high concentration.
The cross-terms start appearing at L =8
and increase as L increases toward the
WD. They make the WD almost useless,
since they cover a great part of the
frequency range, including some signal
components (Fig.2(j) and Example 4).

The optimal number of correction
terms L is the one that produces the
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Time-frequency representation of a four component signal: (a) the spectrogram, (b) the Wigner distribution, (c) the Choi-Williams distribution, and

best SM concentration (sparsity), using
the norm-one-half of the spectrogram
and the SM (corresponding to the norm-
one of the STFT), [8], Example 1. In
this case the best concentrated SM is
detected for L =5.

Example 4: A four component real-
valued signal with M = 384 samples is
considered. Its STFT is calculated with a
Hann(ing) window of the width N =128
with a step of 4 samples. The spectro-
gram (L =0) is shown in Fig.3(a). The
alias-free WD (L = N/2) is presented
in Fig. 3(b). The Choi-Williams distribu-
tion of analytic signal is shown in Fig.
3(c). Its cross-terms are smoothed by the
kernel, that also spreads the auto-term
of the LFM signal and chirps. The SM
with L =10 is shown in Fig. 3(d). For
graphical presentation, the distributions
are interpolated by a factor of 2. In all
cases the pure sinusoidal signal is well
concentrated. In the WD and the SM the
same concentration is achieved for the
LFM signal.

If the STFT matrix is rewritten as
S =[Sy(no),...,Sn(mx)], with rows cor-
responding to frequency and columns to
time, then the SM, for a given L, can be
implemented as a MATLAB function
function SM=SM_calc (S, L)

N=size (S,1);
SM=abs (S) . 2;
for k=1:L;
SM(1+k:N-k, :)=SM(1+k:N-k, :)+...
2xreal (S(L:N-2+*k, :) .*...
conj (S (1+2xk:N,:)));

end
$MATLAB codes at www.tfsa.ac.me/LN
A simple SM calculation form,

through the STFT corrections, along
with the recursive STFT realization
(Example 2) is a basis for online SM
realization.



