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A B S T R A C T

A comprehensive approach to the spectrum characterization (derivation of eigenvalues and the corresponding
multiplicities) for non-normalized, symmetric discrete trigonometric transforms (DTT) is presented in the paper.
Eight types of the DTT are analyzed. New explicit analytic expressions for the eigenvalues, together with their
multiplicities, for the cases of three DTT (DCT(1), DCT(5), and DST(8)), are the main contribution of this paper.
Moreover, the presented theory is supplemented by new, original derivations for the closed-form expressions
of the square and the trace of all symmetric DTT matrices including existing results and the new ones.
1. Introduction

Discrete Trigonometric Transforms (DTT) are irreplaceable tools
in signal and image processing applications. There exist 16 types of
the DTT [1–9] divided into two classes: Discrete Cosine Transforms
(DCT) and Discrete Sine Transforms (DST). In each class, eight types
of these transforms are defined. In addition, there are non-normalized
and normalized variants of the DTT. All of these transforms are linear,
and therefore, for a given signal of length 𝑛, they can be suitably
represented using 𝑛 × 𝑛 transformation matrices.

Herein, we will focus on the symmetric non-normalized DTT, that is,
on the DST of type 1, 4, 5, and 8 and the DCT of type 1, 4, 5, and 8. The
elements of the transformation matrix for each analyzed DTT are given
in Table 1, where 𝑘 = 0, 1,… , 𝑛−1 is a row index and 𝑙 = 0, 1,… , 𝑛−1 is
a column index. The DTT of type 𝑚 are denoted as DCT(𝑚) and DST(𝑚),
and the corresponding transformation matrices are denoted as 𝐂(𝑚) and
𝐒(𝑚).

The eigenvalues of a symmetric transform indicate how much of the
signal’s energy is concentrated in different frequency components. This
information is important in data compression [10]. Eigenvalues are also
related to the orthogonality of basis. Orthogonal bases simplify signal
representation and manipulation. In image and signal analysis, this
can lead to better feature extraction and noise reduction [11,12]. The
multiplicities of eigenvalues provide insights into the structure of the
transformed signal. High multiplicities suggest repeated or symmetrical
patterns in the data. This knowledge is valuable for tasks like pattern
recognition [13].

Eigenvalues of DTTs are studied in [14–20]. However, the discus-
sion is limited to five types of symmetric normalized DTT (DCT of
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types 4 and 8 and DST of types 1, 4, and 5) where the square of the
transformation matrix 𝐀 equals the identity matrix, 𝐀2 = 𝐈.

Eigendecompositions of the normalized DST(4) and the DCT(4) are
analyzed in [14]. Therein, the authors use the Generalized Discrete
Fourier Transform (GDFT), and the theory of commuting matrices in
order to obtain approximate eigendecompositions of DST(4) and DCT(4).
In [15] it has been shown that the normalized DCT(1) and DST(1)
eigenvectors can be attained from the DFT eigenvectors. The offset
Discrete Fourier Transform (DFT) is used in [16], where it has been
shown that an even-order normalized DCT(4), DST(4), and DST(8) can be
viewed as a special case of an even-order offset DFT. This approach
has led to the eigenvalues (and their corresponding multiplicities) for
these three types of DTT. The approach based on commuting matrices
is used in [18,20] to determine the eigenvectors of some DTT. Non-
symmetric DTT are briefly analyzed in [19], providing a conjecture that
all eigenvalues are distinct for non-symmetric DTT of arbitrary order.

Our aim is to find the eigenvalues, with their corresponding mul-
tiplicities, in an analytic way, for each considered non-normalized
symmetric type of DTT. Applying some well-known trigonometric iden-
tities, we directly obtain the square and the trace of all eight types of
DTT matrices. We observe that the square of the transformation matrix
for three types of non-normalized DTT, (the DCT(1), DCT(5), and DST(8))
is not a multiple of the identity matrix that makes the discussion quite
challenging. We develop a unified analytic approach to non-normalized
symmetric DTT eigenvalues (and corresponding multiplicities), contain-
ing novel results for the DCT(1), DCT(5), and DST(8). Mathematically
relevant expressions for the square and the trace of the analyzed DTT
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Table 1
Definitions for symmetric, non-normalized DTT.

Type
(

𝑠𝑘𝑙
)𝑛−1
𝑘,𝑙=0 Type

(

𝑐𝑘𝑙
)𝑛−1
𝑘,𝑙=0

DST(1) sin (𝑘+1)(𝑙+1)𝜋
𝑛+1

DCT(1) cos 𝑘𝑙𝜋
𝑛−1

DST(4) sin (2𝑘+1)(2𝑙+1)𝜋
4𝑛

DCT(4) cos (2𝑘+1)(2𝑙+1)𝜋
4𝑛

DST(5) sin 2(𝑘+1)(𝑙+1)𝜋
2𝑛+1

DCT(5) cos 2𝑘𝑙𝜋
2𝑛−1

DST(8) sin (2𝑘+1)(2𝑙+1)𝜋
4𝑛−2

DCT(8) cos (2𝑘+1)(2𝑙+1)𝜋
4𝑛+2

Note that DCT(1) is not defined for 𝑛 = 1.

matrices arise as intermediate results, that are used for the calculation
of the eigenvalues and their corresponding multiplicities.

Both normalized and non-normalized versions of DTTs are catego-
rized into symmetric and non-symmetric types. The discussion of the
eigenvalue problem for symmetric types is entirely different from that
for non-symmetric types. In the case of symmetric types, excluding DCT
of types 1 and 4 and DST of type 8, normalized and non-normalized
symmetric DTTs are the same up to some scaling factor. Therefore, to
facilitate a parallel discussion on determining the eigenvalues of the
normalized symmetric DTTs, we also need to address DCT of types 1
and 4 and DST of type 8. Trigonometric identities frequently applied in
the text allow for direct verification that these matrices are square roots
of the identity matrix, thus resulting in eigenvalues of ±1. Furthermore,
by employing a similar process as used in this paper, one can compute
the trace to determine the multiplicities.

The main results are summarized in Section 2. Squares of DTT
matrices are evaluated in Section 3 while their traces are derived in
Section 4. In Section 5, the analytic proofs for the results presented in
Section 2 are presented.

2. Results

The eigenvalues along with their corresponding multiplicities, for
the considered types of DTT are presented in Tables 2 and 3. These
expressions are the main result of this paper. Here we assume 𝑛 ≥ 2
for DCT(4), DST(4), DCT(8), DST(5), and DST(1) case, and 𝑛 ≥ 4 for DCT(5)
and DST(8). For DCT(1) we assume 𝑛 ≥ 6.

By carefully observing these forms, we can see that five DTT types
have only two distinct eigenvalues and that for an odd 𝑛, in each case,
the multiplicity of the positive eigenvalue is greater by one than the
multiplicity of the corresponding negative eigenvalue.

For the DCT of type 5 and the DST of type 8 there are four
eigenvalues. Two of them have multiplicity one, and the multiplicities
of other two eigenvalues are equal in the case of even 𝑛, or differ by one
in the case of odd 𝑛, where again the positive eigenvalue has greater
multiplicity.

The most complicated case is the DCT of type 1, where there
are six distinct eigenvalues. Four of them have multiplicity one and
the remaining two eigenvalues have equal multiplicities (for even 𝑛),
whereas the positive eigenvalue multiplicity is greater by one than the
negative eigenvalue multiplicity (for odd 𝑛 case).

In following sections, we provide detailed discussion, derivations
and proofs for the presented results.

3. Square of transformation matrix

In order to compute entries 𝑡𝑘𝑙 of the square of the DTT matri-
ces in Table 1, we need to apply some well-known trigonometric
identities [21, p. 37].

Lagrange’s trigonometric identity states that for 𝜃 ≠ 2𝑘𝜋, where 𝑘 is
an integer, holds
𝑛
∑

cos𝑚𝜃 = 1
2
+

sin(𝑛 + 1
2 )𝜃
𝜃 .
2

𝑚=0 2 sin 2 𝑚
Table 2
Eigenvalues and corresponding multiplicities.

DTT type Eigenvalue Multiplicity

Even 𝑛 Odd 𝑛

DCT(4), DST(4)

𝜆1 = −
√

𝑛
2

𝑛
2

𝑛 − 1
2

𝜆2 =
√

𝑛
2

𝑛
2

𝑛 + 1
2

DCT(8), DST(5)

𝜆1 = −
√

2𝑛 + 1
4

𝑛
2

𝑛 − 1
2

𝜆2 =
√

2𝑛 + 1
4

𝑛
2

𝑛 + 1
2

DST(1)

𝜆1 = −
√

𝑛 + 1
2

𝑛
2

𝑛 − 1
2

𝜆2 =
√

𝑛 + 1
2

𝑛
2

𝑛 + 1
2

𝜆1 =
1
4
−
√

𝑛 − 7
16

1 1

DCT(5)

𝜆2 = −
√

2𝑛 − 1
4

𝑛
2
− 1 𝑛 − 3

2

𝜆3 =
√

2𝑛 − 1
4

𝑛
2
− 1 𝑛 − 1

2

𝜆4 =
1
4
+
√

𝑛 − 7
16

1 1

𝜆1 = −
(−1)𝑛

4
−
√

𝑛 − 7
16

1 1

DST(8)

𝜆2 = −
√

2𝑛 − 1
4

𝑛
2
− 1 𝑛 − 3

2

𝜆3 =
√

2𝑛 − 1
4

𝑛
2
− 1 𝑛 − 1

2

𝜆4 = −
(−1)𝑛

4
+
√

𝑛 − 7
16

1 1

Table 3
DCT type 1 eigenvalues.

Even 𝑛 Odd 𝑛

Eigenvalue Mult. Eigenvalue Mult.

𝜆1 = −

√

2
4

−
√

𝑛 − 7
8

1 𝜆1 = −
√

𝑛 − 1 1

𝜆2 =

√

2
4

−
√

𝑛 − 7
8

1 𝜆2 =
1
2
−
√

𝑛 − 3
4

1

𝜆3 = −
√

𝑛 − 1
2

𝑛
2
− 2 𝜆3 = −

√

𝑛 − 1
2

𝑛 − 5
2

𝜆4 =
√

𝑛 − 1
2

𝑛
2
− 2 𝜆4 =

√

𝑛 − 1
2

𝑛 − 3
2

𝜆5 = −

√

2
4

+
√

𝑛 − 7
8

1 𝜆5 =
√

𝑛 − 1 1

𝜆6 =

√

2
4

+
√

𝑛 − 7
8

1 𝜆6 =
1
2
+
√

𝑛 − 3
4

1

Table 4
Elements 𝑡𝑘𝑙 of squared transformation matrix.

Type 𝑡𝑘𝑙 , for
𝑘 ≠ 𝑙

𝑡𝑘𝑙 , for 𝑘 = 𝑙 Type 𝑡𝑘𝑙 , for
𝑘 ≠ 𝑙

𝑡𝑘𝑙 , for 𝑘 = 𝑙

DST(1) 0 𝑛+1
2

DCT(1)
1+(−1)𝑘+𝑙

2
𝑛+1
2

+ 𝑛−1
2
(𝛿𝑘,0 + 𝛿𝑘,𝑛−1)

DST(4) 0 𝑛
2

DCT(4) 0 𝑛
2

DST(5) 0 2𝑛+1
4

DCT(5)
1
2

2𝑛+1
4

+ 2𝑛−1
4

𝛿𝑘,0

DST(8)
(−1)𝑘+𝑙

2
2𝑛+1
4

+ 2𝑛−1
4

𝛿𝑘,𝑛−1 DCT(8) 0 2𝑛+1
4

𝛿𝑘,𝑚 is Kronecker delta, 𝛿𝑘,𝑚 = 0 for 𝑘 ≠ 𝑚 and 𝛿𝑘,𝑚 = 1 for 𝑘 = 𝑚.

sing this identity for 𝜃 = (𝑎𝜋)∕𝑛, where 𝑎 is an integer that is not
divisible with 2𝑛, and for 𝜃 = (2𝑏𝜋)∕(2𝑛 + 1), where 𝑏 is an integer not
ivisible with 2𝑛 + 1, we get the following two identities

𝑛
∑

cos 𝑚𝑎𝜋
𝑛

=
1 + (−1)𝑎

2
=

{

1 for even 𝑎
(1)
=0 0 for odd 𝑎
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3

𝑡

3

𝑡

F
o

𝑡

F
h

3

𝑡

F

3

m

𝑡

3

𝑡

𝑛
∑

𝑚=0
cos 2𝑚𝑏𝜋

2𝑛 + 1
= 1

2
. (2)

For an integer 𝑎 not divisible by 2𝑛, the following identity holds:
𝑛−1
∑

𝑚=0
cos

(2𝑚 + 1)𝑎𝜋
2𝑛

= 0. (3)

For an integer 𝑎 not divisible by 2𝑛 + 1,
𝑛−1
∑

𝑚=0
cos

(2𝑚 + 1)𝑎𝜋
2𝑛 + 1

=
(−1)𝑎+1

2
(4)

olds, while for an integer 𝑎 not divisible by 2𝑛 + 2, we have
𝑛
∑

𝑚=1
cos 𝑚𝑎𝜋

𝑛 + 1
= −

(−1)𝑎 + 1
2

=

{

−1 for even 𝑎
0 for odd 𝑎.

(5)

Furthermore, for an integer 𝑎 not divisible by 2𝑛 + 1, we have the
ollowing:
𝑛−1
∑

𝑚=0
cos

2(𝑚 + 1)𝑎𝜋
2𝑛 + 1

= −1
2
. (6)

Elements of the squared transformation matrix, are derived in the
equel, for each analyzed DTT. The results are summarized in Table 4.

.1. DCT type 1 case

Elements of the squared transformation matrix are

𝑘𝑙 =
𝑛−1
∑

𝑚=0
cos 𝑘𝑚𝜋

𝑛 − 1
cos 𝑚𝑙𝜋

𝑛 − 1
= 1

2

𝑛−1
∑

𝑚=0
cos

𝑚(𝑘 + 𝑙)𝜋
𝑛 − 1

+ 1
2

𝑛−1
∑

𝑚=0
cos

𝑚(𝑘 − 𝑙)𝜋
𝑛 − 1

.

Using (1), for 𝑘 ≠ 𝑙, we further get

𝑡𝑘𝑙 =
1 + (−1)𝑘+𝑙

2
=

{

1 for even 𝑘 + 𝑙
0 for odd 𝑘 + 𝑙.

For 𝑘 = 𝑙, we obtain

𝑡𝑘𝑘 =

{

𝑛+1
2 for 𝑘 = 1, 2,… , 𝑛 − 2

𝑛 for 𝑘 = 0 or 𝑘 = 𝑛 − 1.

.2. DCT type 4 case

In this case, the elements of the squared transformation matrix are

𝑘𝑙 =
𝑛−1
∑

𝑚=0
cos

(2𝑘 + 1)(2𝑚 + 1)𝜋
4𝑛

cos
(2𝑚 + 1)(2𝑙 + 1)𝜋

4𝑛

= 1
2

𝑛−1
∑

𝑚=0
cos

(2𝑚 + 1)(𝑘 + 𝑙 + 1)𝜋
2𝑛

+ 1
2

𝑛−1
∑

𝑚=0
cos

(2𝑚 + 1)(𝑘 − 𝑙)𝜋
2𝑛

.

or 𝑘 ≠ 𝑙, using (3), we get 𝑡𝑘𝑙 = 0. For 𝑘 = 𝑙, using (3) for the first sum
nly we have

𝑘𝑘 = 1
2

𝑛−1
∑

𝑚=0
cos

(2𝑚 + 1)(2𝑘 + 1)𝜋
2𝑛

+ 𝑛
2
= 𝑛

2
.

3.3. DCT type 5 case

For this type of the transform we have

𝑡𝑘𝑙 =
𝑛−1
∑

𝑚=0
cos 2𝑘𝑚𝜋

2𝑛 − 1
cos 2𝑚𝑙𝜋

2𝑛 − 1
= 1

2

𝑛−1
∑

𝑚=0
cos

2𝑚(𝑘 + 𝑙)𝜋
2𝑛 − 1

+ 1
2

𝑛−1
∑

𝑚=0
cos

2𝑚(𝑘 − 𝑙)𝜋
2𝑛 − 1

.

For 𝑘 ≠ 𝑙 using (2) we obtain 𝑡𝑘𝑙 = 1∕2, while for 𝑘 = 𝑙 we get

𝑡𝑘𝑘 =

{

2𝑛+1
4 for 𝑘 ≠ 0
3

𝑛 for 𝑘 = 0.
3.4. DCT type 8 case

The squared transformation matrix elements for the DCT(8) are given
by

𝑡𝑘𝑙 =
𝑛−1
∑

𝑚=0
cos

(2𝑘 + 1)(2𝑚 + 1)𝜋
4𝑛 + 2

cos
(2𝑚 + 1)(2𝑙 + 1)𝜋

4𝑛 + 2

= 1
2

𝑛−1
∑

𝑚=0
cos

(2𝑚 + 1)(𝑘 + 𝑙 + 1)𝜋
2𝑛 + 1

+ 1
2

𝑛−1
∑

𝑚=0
cos

(2𝑚 + 1)(𝑘 − 𝑙)𝜋
2𝑛 + 1

.

For 𝑘 ≠ 𝑙, using (4) we get 𝑡𝑘𝑙 = 0. Otherwise, for 𝑘 = 𝑙, using (4) for
the first sum, we get

𝑡𝑘𝑘 = 1
4
+ 𝑛

2
= 2𝑛 + 1

4
.

3.5. DST type 1 case

In the case of DST(1), the elements of the transformation matrix are
given by

𝑡𝑘𝑙 =
𝑛−1
∑

𝑚=0
sin

(𝑘 + 1)(𝑚 + 1)𝜋
𝑛 + 1

sin
(𝑚 + 1)(𝑙 + 1)𝜋

𝑛 + 1

= − 1
2

𝑛−1
∑

𝑚=0
cos

(𝑚 + 1)(𝑘 + 𝑙 + 2)𝜋
𝑛 + 1

+ 1
2

𝑛−1
∑

𝑚=0
cos

(𝑚 + 1)(𝑘 − 𝑙)𝜋
𝑛 + 1

.

or 𝑘 ≠ 𝑙, using (5), we have 𝑡𝑘𝑙 = 0, while for 𝑘 = 𝑙, 𝑡𝑘𝑘 = (𝑛 + 1)∕2
olds.

.6. DST type 4 case

The elements of the squared DST(4) transformation matrix are

𝑘𝑙 =
𝑛−1
∑

𝑚=0
sin

(2𝑘 + 1)(2𝑚 + 1)𝜋
4𝑛

sin
(2𝑚 + 1)(2𝑙 + 1)𝜋

4𝑛

= − 1
2

𝑛−1
∑

𝑚=0
cos

(2𝑚 + 1)(𝑘 + 𝑙 + 1)𝜋
2𝑛

+ 1
2

𝑛−1
∑

𝑚=0
cos

(2𝑚 + 1)(𝑘 − 𝑙)𝜋
2𝑛

.

or 𝑘 ≠ 𝑙, using (3) we have 𝑡𝑘𝑙 = 0, and for 𝑘 = 𝑙 we get 𝑡𝑘𝑘 = 𝑛∕2.

.7. DST type 5 case

Next, we consider the elements of the squared DST(5) transformation
atrix. These elements are given by

𝑘𝑙 =
𝑛−1
∑

𝑚=0
sin

2(𝑘 + 1)(𝑚 + 1)𝜋
2𝑛 + 1

sin
2(𝑚 + 1)(𝑙 + 1)𝜋

2𝑛 + 1

= − 1
2

𝑛−1
∑

𝑚=0
cos

2(𝑚 + 1)(𝑘 + 𝑙 + 2)𝜋
2𝑛 + 1

+ 1
2

𝑛−1
∑

𝑚=0
cos

2(𝑚 + 1)(𝑘 − 𝑙)𝜋
2𝑛 + 1

.

For 𝑘 ≠ 𝑙, using (6) we have 𝑡𝑘𝑙 = 0, and for 𝑘 = 𝑙 we get 𝑡𝑘𝑘 = (2𝑛+1)∕4.

.8. DST type 8 case

For the DST(8) the elements of squared matrix are

𝑘𝑙 =
𝑛−1
∑

𝑚=0
sin

(2𝑘 + 1)(2𝑚 + 1)𝜋
4𝑛 − 2

sin
(2𝑚 + 1)(2𝑙 + 1)𝜋

4𝑛 − 2

= − 1
2

𝑛−1
∑

𝑚=0
cos

(2𝑚 + 1)(𝑘 + 𝑙 + 1)𝜋
2𝑛 − 1

+ 1
2

𝑛−1
∑

𝑚=0
cos

(2𝑚 + 1)(𝑘 − 𝑙)𝜋
2𝑛 − 1

.

In this case, for 𝑘 ≠ 𝑙, using (4) we get 𝑡𝑘𝑙 = (−1)𝑘+𝑙∕2, whereas for 𝑘 = 𝑙
we have

𝑡𝑘𝑘 =

{

2𝑛+1
4 for 𝑘 = 0, 1,… , 𝑛 − 2
𝑛 for 𝑘 = 𝑛 − 1.
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4

√

P
t

4

2

N

4

T

𝑘

a

𝑘

=

Table 5
Traces of DTT matrices.

Type Trace Type Trace

Even 𝑛 Odd 𝑛 Even 𝑛 Odd 𝑛

DST(1) 0
√

𝑛+1
2

DCT(1) 0 2+
√

2𝑛−2
2

DST(4) 0
√

𝑛
2

DCT(4) 0
√

𝑛
2

DST(5) 0
√

2𝑛+1
2

DCT(5)
1
2

1+
√

2𝑛−1
2

DST(8) − 1
2

1+
√

2𝑛−1
2

DCT(8) 0
√

2𝑛+1
2

4. Traces of the transformation matrices

In this section, we will determine the trace of the transformation
matrices in Table 1. The results are summarized in Table 5. To this
aim, we use the following identities [21, p. 37]
𝑚−1
∑

𝑘=0
cos 2𝑘

2𝜋
𝑚

=

√

𝑚
2

(

1 + cos 𝑚𝜋
2

+ sin 𝑚𝜋
2

)

(7)

𝑚−1
∑

𝑘=0
sin 2𝑘2𝜋

𝑚
=

√

𝑚
2

(

1 + cos 𝑚𝜋
2

− sin 𝑚𝜋
2

)

. (8)

For the DCT(1), DCT(4), DST(1), and DST(4), for an even number 𝑛,
he diagonal elements, 𝑑𝑘, of transformation matrix are anti-symmetric,
hat is, 𝑑𝑘 = −𝑑𝑛−1−𝑘. The trace of these matrices is obviously zero

Tr 𝐂(1) = Tr 𝐂(4) = Tr 𝐒(1) = Tr 𝐒(4) = 0, for even 𝑛. (9)

Next, we derive the value of the transformation matrix trace in other
ases.

.1. DCT type 1, odd 𝑛 case

From (7), using 𝑚 = 2(𝑛 − 1), we get

2(𝑛 − 1) =
2𝑛−3
∑

𝑘=0
cos 𝑘2𝜋

𝑛 − 1
=

𝑛−2
∑

𝑘=0
cos 𝑘2𝜋

𝑛 − 1
+

𝑛−2
∑

𝑘=0
cos

(𝑘 + 𝑛 − 1)2𝜋
𝑛 − 1

= 2
𝑛−2
∑

𝑘=0
cos 𝑘2𝜋

𝑛 − 1
= 2

𝑛−1
∑

𝑘=0
cos 𝑘2𝜋

𝑛 − 1
− 2.

revious result is the basis for the explicit expression for the trace of
he DCT type 1, 𝐂(1), given as follows

Tr 𝐂(1) =
𝑛−1
∑

𝑘=0
cos 𝑘2𝜋

𝑛 − 1
=

{

0 for even 𝑛
2+

√

2𝑛−2
2 for odd 𝑛.

(10)

.2. DCT type 4, odd 𝑛 case

Substituting 𝑚 = 8𝑛 in (7) we get

√

2𝑛 =
8𝑛−1
∑

𝑘=0
cos 𝑘

2𝜋
4𝑛

=
4𝑛−1
∑

𝑘=0
cos 𝑘

2𝜋
4𝑛

+
4𝑛−1
∑

𝑘=0
cos

(𝑘 + 4𝑛)2𝜋
4𝑛

= 2
4𝑛−1
∑

𝑘=0
cos 𝑘

2𝜋
4𝑛

= 2
2𝑛−1
∑

𝑘=0
cos

(2𝑘)2𝜋
4𝑛

+ 2
2𝑛−1
∑

𝑘=0
cos

(2𝑘 + 1)2𝜋
4𝑛

.

The first sum follows from (7) when we put 𝑚 = 2𝑛, and since 𝑛 is odd
it is equal to zero. Let us decompose the second sum as

2
√

2𝑛 = 2
𝑛−1
∑

𝑘=0
cos

(2𝑘 + 1)2𝜋
4𝑛

+ 2
𝑛−1
∑

𝑘=0
cos

(2𝑛 + 2𝑘 + 1)2𝜋
4𝑛

= 4
𝑛−1
∑

𝑘=0
cos

(2𝑘 + 1)2𝜋
4𝑛

.

ow we get the trace for this transformation matrix as

Tr 𝐂(4) =
𝑛−1
∑

𝑘=0
cos

(2𝑘 + 1)2𝜋
4𝑛

=

⎧

⎪

⎨

⎪

0 for even 𝑛
√

𝑛
2 for odd 𝑛.

(11)
4

⎩

.3. DCT type 5 case

For the DCT(5) we can use (7), with 𝑚 = 2𝑛 − 1, to obtain
√

2𝑛 − 1
2

(1 + (−1)𝑛)

=
2𝑛−2
∑

𝑘=0
cos 2𝑘2𝜋

2𝑛 − 1
=

𝑛−1
∑

𝑘=0
cos 2𝑘2𝜋

2𝑛 − 1
+

𝑛−2
∑

𝑘=0
cos

2(2𝑛 − 2 − 𝑘)2𝜋
2𝑛 − 1

=
𝑛−1
∑

𝑘=0
cos 2𝑘2𝜋

2𝑛 − 1
+

𝑛−2
∑

𝑘=0
cos

2(𝑘 + 1)2𝜋
2𝑛 − 1

= 2
𝑛−1
∑

𝑘=0
cos 2𝑘2𝜋

2𝑛 − 1
− 1.

Finally, the trace of 𝐂(5) is given as

Tr 𝐂(5) =
𝑛−1
∑

𝑘=0
cos 2𝑘2𝜋

2𝑛 − 1
=

{ 1
2 for even 𝑛
1+

√

2𝑛−1
2 for odd 𝑛.

(12)

4.4. DCT type 8 case

For the DCT(8) we can set 𝑚 = 8𝑛 + 4 into (7), further leading to

√

8𝑛 + 4 =
8𝑛+3
∑

𝑘=0
cos 𝑘2𝜋

4𝑛 + 2
=

4𝑛+1
∑

𝑘=0
cos 𝑘2𝜋

4𝑛 + 2
+

4𝑛+1
∑

𝑘=0
cos

(𝑘 + 4𝑛 + 2)2𝜋
4𝑛 + 2

= 2
4𝑛+1
∑

𝑘=0
cos 𝑘2𝜋

4𝑛 + 2
= 2

2𝑛
∑

𝑘=0
cos 2𝑘2𝜋

2𝑛 + 1
+ 2

2𝑛
∑

𝑘=0
cos

(2𝑘 + 1)2𝜋
4𝑛 + 2

= 2
2𝑛
∑

𝑘=0
cos

(2𝑘)2𝜋
4𝑛 + 2

+ 2
𝑛−1
∑

𝑘=0
cos

(2𝑘 + 1)2𝜋
4𝑛 + 2

+ 2
𝑛
∑

𝑘=0
cos

(2(𝑘 + 𝑛) + 1)2𝜋
4𝑛 + 2

.

he first sum is equal to

2𝑛
∑

=0
cos 2𝑘2𝜋

2𝑛 + 1
=

√

2𝑛 + 1
2

(1 + (−1)𝑛),

ccording to (7) with 𝑚 = 2𝑛 + 1.
The third sum can be written as

𝑛
∑

=0
cos

(2(𝑘 + 𝑛) + 1)2𝜋
4𝑛 + 2

=
𝑛
∑

𝑘=0
cos

(

2𝑘2𝜋
2𝑛 + 1

+ 2𝑛 + 1
2

𝜋
)

= (−1)𝑛+1
𝑛
∑

𝑘=0
sin 2𝑘2𝜋

2𝑛 + 1
.

From (8), using 𝑚 = 2𝑛 + 1, we get
√

2𝑛 + 1
2

(1 − (−1)𝑛) =
2𝑛
∑

𝑘=0
sin 2𝑘2𝜋

2𝑛 + 1
=

𝑛
∑

𝑘=0
sin 2𝑘2𝜋

2𝑛 + 1
+

𝑛−1
∑

𝑘=0
sin

2(2𝑛 − 𝑘)2𝜋
2𝑛 + 1

𝑛
∑

𝑘=0
sin 2𝑘2𝜋

2𝑛 + 1
+

𝑛−1
∑

𝑘=0
sin

2(𝑘 + 1)2𝜋
2𝑛 + 1

= 2
𝑛
∑

𝑘=0
sin 2𝑘2𝜋

2𝑛 + 1
.

Now we have

√

8𝑛 + 4 =
√

2𝑛 + 1(1+ (−1)𝑛) + 2
𝑛−1
∑

𝑘=0
cos

(2𝑘 + 1)2𝜋
4𝑛 + 2

+

√

2𝑛 + 1
2

(1− (−1)𝑛)

or
𝑛−1
∑

𝑘=0
cos

(2𝑘 + 1)2𝜋
4𝑛 + 2

=

√

2𝑛 + 1
4

(1 − (−1)𝑛)

resulting in the trace of the DCT(8) of the form

Tr 𝐂(8) =
𝑛−1
∑

cos
(2𝑘 + 1)2𝜋
4𝑛 + 2

=

{

0 for even 𝑛
√

2𝑛+1 (13)

𝑘=0 2 for odd 𝑛.
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4.5. DST type 1, odd 𝑛 case

Using 𝑚 = 2(𝑛 + 1) in (8) we get

√

2(𝑛 + 1) =
2𝑛+1
∑

𝑘=0
sin 𝑘2𝜋

𝑛 + 1
=

2𝑛
∑

𝑘=0
sin

(𝑘 + 1)2𝜋
𝑛 + 1

=
𝑛−1
∑

𝑘=0
sin

(𝑘 + 1)2𝜋
𝑛 + 1

+
𝑛
∑

𝑘=0
sin

(𝑛 + 1 + 𝑘)2𝜋
𝑛 + 1

=
𝑛−1
∑

𝑘=0
sin

(𝑘 + 1)2𝜋
𝑛 + 1

+
𝑛
∑

𝑘=0
sin 𝑘2𝜋

𝑛 + 1
=

𝑛−1
∑

𝑘=0
sin

(𝑘 + 1)2𝜋
𝑛 + 1

+
𝑛−1
∑

𝑘=0
sin

(𝑘 + 1)2𝜋
𝑛 + 1

= 2
𝑛−1
∑

𝑘=0
sin

(𝑘 + 1)2𝜋
𝑛 + 1

.

he trace of this transformation matrix is then

Tr 𝐒(1) =
𝑛−1
∑

𝑘=0
sin

(𝑘 + 1)2𝜋
𝑛 + 1

=

⎧

⎪

⎨

⎪

⎩

0 for even 𝑛
√

𝑛+1
2 for odd 𝑛.

(14)

.6. DST type 4, odd 𝑛 case

Let start from (8) with 𝑚 = 8𝑛, to get

√

2𝑛 =
8𝑛−1
∑

𝑘=0
sin 𝑘2𝜋

4𝑛
=

4𝑛−1
∑

𝑘=0
sin 𝑘2𝜋

4𝑛
+

4𝑛−1
∑

𝑘=0
sin

(4𝑛 + 𝑘)2𝜋
4𝑛

= 2
4𝑛−1
∑

𝑘=0
sin 𝑘2𝜋

4𝑛
= 2

2𝑛−1
∑

𝑘=0
sin

(2𝑘)2𝜋
4𝑛

+ 2
2𝑛−1
∑

𝑘=0
sin

(2𝑘 + 1)2𝜋
4𝑛

.

n the last equation, the first sum is zero using (8) with 𝑚 = 2𝑛, and
having in mind that 𝑛 is odd, so we have

2
√

2𝑛 = 2
2𝑛−1
∑

𝑘=0
sin

(2𝑘 + 1)2𝜋
4𝑛

= 2
𝑛−1
∑

𝑘=0
sin

(2𝑘 + 1)2𝜋
4𝑛

+ 2
𝑛−1
∑

𝑘=0
sin

(2𝑛 + 2𝑘 + 1)2𝜋
4𝑛

= 4
𝑛−1
∑

𝑘=0
sin

(2𝑘 + 1)2𝜋
4𝑛

.

ow we get the trace of DST(4) as

Tr 𝐒(4) =
𝑛−1
∑

𝑘=0
sin

(2𝑘 + 1)2𝜋
4𝑛

=

⎧

⎪

⎨

⎪

⎩

0 for even 𝑛
√

𝑛
2 for odd 𝑛.

(15)

4.7. DST type 5 case

Using Eq. (8) with 𝑚 = 2𝑛 + 1 we can write
√

2𝑛 + 1
2

(1 − (−1)𝑛) =
2𝑛
∑

𝑘=0
sin 2𝑘2𝜋

2𝑛 + 1
=

2𝑛−1
∑

𝑘=0
sin

2(𝑘 + 1)2𝜋
2𝑛 + 1

=
𝑛−1
∑

𝑘=0
sin

2(𝑘 + 1)2𝜋
2𝑛 + 1

+
𝑛−1
∑

𝑘=0
sin

2(2𝑛 − 𝑘)2𝜋
2𝑛 + 1

= 2
𝑛−1
∑

𝑘=0
sin

2(𝑘 + 1)2𝜋
2𝑛 + 1

.

The trace for the DST(5) is now obtained in the following explicit form

Tr 𝐒(5) =
𝑛−1
∑

sin
2(𝑘 + 1)2𝜋
2𝑛 + 1

=

{

0 for even 𝑛
√

2𝑛+1 (16)
5

𝑘=0 2 for odd 𝑛. b
4.8. DST type 8 case

Eq. (8), with 𝑚 = 8𝑛 − 4, can be transformed in the following way

8𝑛 − 4 =
8𝑛−5
∑

𝑘=0
sin 𝑘2𝜋

4𝑛 − 2
=

4𝑛−3
∑

𝑘=0
sin 𝑘2𝜋

4𝑛 − 2
+

4𝑛−3
∑

𝑘=0
sin

(4𝑛 − 2 + 𝑘)2𝜋
4𝑛 − 2

= 2
4𝑛−3
∑

𝑘=0
sin 𝑘2𝜋

4𝑛 − 2
= 2

2𝑛−2
∑

𝑘=0
sin 2𝑘2𝜋

2𝑛 − 1
+ 2

2𝑛−2
∑

𝑘=0
sin

(2𝑘 + 1)2𝜋
4𝑛 − 2

= 2
2𝑛−2
∑

𝑘=0
sin

(2𝑘)2𝜋
4𝑛 − 2

+ 2
𝑛−1
∑

𝑘=0
sin

(2𝑘 + 1)2𝜋
4𝑛 − 2

+ 2
𝑛−2
∑

𝑘=0
sin

(2(𝑘 + 𝑛) + 1)2𝜋
4𝑛 − 2

he first sum can be calculated using (8) with 𝑚 = 2𝑛 − 1 as
2𝑛−2
∑

𝑘=0
sin

(2𝑘)2𝜋
4𝑛 − 2

=
√

2𝑛 − 1(1 + (−1)𝑛).

he third sum can be written as
𝑛−2
∑

𝑘=0
sin

(2(𝑘 + 𝑛) + 1)2𝜋
4𝑛 − 2

=
𝑛−2
∑

𝑘=0
sin

(

2(𝑘 + 1)2𝜋
2𝑛 − 1

+ 2𝑛 − 1
2

𝜋
)

= (−1)𝑛+1
𝑛−2
∑

𝑘=0
cos

(

2(𝑘 + 1)2𝜋
2𝑛 − 1

)

.

Using (7) with 𝑚 = 2𝑛 − 1 we get
√

2𝑛 − 1
2

(1 − (−1)𝑛) =
2𝑛−2
∑

𝑘=0
cos 2𝑘2𝜋

2𝑛 − 1
= 1 +

𝑛−2
∑

𝑘=0
cos

2(𝑘 + 1)2𝜋
2𝑛 − 1

+
𝑛−2
∑

𝑘=0
cos

2(2𝑛 − 2 − 𝑘)2𝜋
2𝑛 − 1

= 1 + 2
𝑛−2
∑

𝑘=0
cos

2(𝑘 + 1)2𝜋
2𝑛 − 1

.

Now, we can write

√

8𝑛 − 4 =
√

2𝑛 − 1(1 + (−1)𝑛) + 2
𝑛−1
∑

𝑘=0
sin

(2𝑘 + 1)2𝜋
4𝑛 + 2

− (−1)𝑛
(
√

2𝑛 − 1
2

(1 − (−1)𝑛) − 1

)

,

resulting in
𝑛−1
∑

𝑘=0
sin

(2𝑘 + 1)2𝜋
4𝑛 + 2

=

√

2𝑛 − 1
4

(1 − (−1)𝑛) −
(−1)𝑛

2
,

and finally

Tr 𝐒(8) =
𝑛−1
∑

𝑘=0
sin

(2𝑘 + 1)2𝜋
4𝑛 − 2

=

{

− 1
2 for even 𝑛

1+
√

2𝑛−1
2 for odd 𝑛.

(17)

5. Proofs for DTT eigenvalues and their multiplicities

Within this section we will use notation 𝐞𝑘 for the standard basis
vectors, that is, 𝐞𝑘, 𝑘 = 1, 2,… , 𝑛 is the 𝑘th column of 𝑛 × 𝑛 identity
matrix.

Denote 𝐀 as the transformations defined in Table 1. If 𝜇 is an
eigenvalue of 𝐀2, with multiplicity 𝑟, then 𝜆+ =

√

𝜇 and 𝜆− = −
√

𝜇
are possible eigenvalues of 𝐀 with multiplicities 𝑝 and 𝑚, respectively,
such that 𝑝 + 𝑚 = 𝑟 holds.

In the sequel, we will assume that 𝑛 is large enough, i.e., 𝑛 ≥ 2
DCT(4), DST(4), DCT(8), DST(5), and DST(1)), 𝑛 ≥ 4 (DCT(5) and DST(8)),
nd 𝑛 ≥ 6 for DCT(1). The remaining cases are straightforward and can
e analyzed by hand.
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5.1. DTT with two eigenvalues

Here we will analyze the DCT of type 4 and 8 and the DST of type
1, 4 and 5. In all considered cases, according to results presented in
Sections 3.2, 3.4, 3.5, 3.6 and 3.7, square of the transformation matrix
is proportional to the identity matrix 𝐈,

𝐂2
(4) = 𝐒2(4) =

𝑛
2
𝐈, 𝐂2

(8) = 𝐒2(5) =
2𝑛 + 1

4
𝐈, 𝐒2(1) =

𝑛 + 1
2

𝐈,

resulting in eigenvalues of the corresponding matrices as in Table 2.
Multiplicity of the positive and negative eigenvalue can be determined
by calculating the trace of the transformation matrix. Denote by 𝑝
he multiplicity of positive eigenvalue and by 𝑚 the multiplicity of
egative eigenvalue. We know that 𝑝 + 𝑚 = 𝑛 and that the trace of the
ransformation matrix is (𝑝−𝑚)𝜆+, where 𝜆+ is the positive eigenvalue.

Using (11), (13), (14), (15), and (16) we can conclude that for even
, the traces of the transformation matrices are equal to zero, meaning
hat 𝑝 = 𝑚 = 𝑛∕2. For odd 𝑛 in each case we obtain that the trace of the
ransformation matrix is 𝜆+, meaning that 𝑝 = 𝑚+1, that is, 𝑝 = (𝑛+1)∕2
nd 𝑚 = (𝑛 − 1)∕2.

.2. DCT type 5 case

Let us consider the following decomposition of R𝑛 into orthogonal
ubspaces 1 and 2

𝑛 = 1 ⊕ 2,

here vectors in 1 are of the form

= [0, 𝑣1, 𝑣2,… , 𝑣𝑛−1]𝑇

ith
𝑛−1
∑

=1
𝑣𝑘 = 0

nd 2 is a two-dimensional space generated by

1 = [1, 0, 0,… , 0]𝑇 = 𝐞1

2 = [0, 1, 1,… , 1]𝑇 =
𝑛
∑

𝑘=2
𝐞𝑘.

The square of the DCT type 5 transform matrix, 𝐂(5), according to
he results presented in Section 3.3, can be written as

2
(5) = diag𝑛

( 2𝑛 − 1
2

, 2𝑛 − 1
4

,… , 2𝑛 − 1
4

)

+ 1
2
𝟏𝑛, (18)

here diag𝑛(⋅) is an 𝑛× 𝑛 diagonal matrix and 𝟏𝑛 is an 𝑛× 𝑛 matrix with
ll ones. It is obvious that 1 is within null space of 𝟏𝑛. By using (2) we
ave
2
(5)𝐯 = 2𝑛 − 1

4
𝐯 (∀𝐯 ∈ 1). (19)

This proves 2𝑛 − 1
4

∈ Sp(𝐂2
(5)) and 1 ⊆ ker(𝐂2

(5) −
2𝑛 − 1

4
𝐈). Since 𝐂(5) ±

√

2𝑛−1
4 𝐈 are non-singular, both

√

2𝑛−1
4 and −

√

2𝑛−1
4 are eigenvalues of

(5). The dimension of 1 is 𝑛− 2, so the sum of the multiplicities is at
east 𝑛 − 2.

By focusing on 2, we will find the other eigenvalues. We have that

(5)𝐪1 = 𝐪1 + 𝐪2 (20)

(5)𝐪2 = (𝑛 − 1)𝐪1 −
1
2
𝐪2. (21)

he eigenvalues (and the corresponding eigenvectors) can be found by
olving

(5)(𝐪1 + 𝑥𝐪2) = 𝜆(𝐪1 + 𝑥𝐪2)

or unknown 𝜆 (and 𝑥). Using (20) and (21) we get

𝑥(𝑛 − 1) + 1)𝐪 + (1 − 𝑥 )𝐪 = 𝜆𝐪 + 𝜆𝑥𝐪 ,
6

1 2 2 1 2
resulting in a system of equations

𝑥(𝑛 − 1) + 1 = 𝜆

1 − 𝑥
2
= 𝜆𝑥,

and the eigenvalues

𝜆 = 1
4
±
√

𝑛 − 7
16

,

each with multiplicity one, as stated in Table 2. Moreover
(

1
4 ±

√

𝑛 − 7
16

)2
are distinct eigenvalues of 𝐂2

(5), and recalling the 1 ⊆

(𝐂2
(5) −

2𝑛 − 1
4

𝐈), we get

Sp(𝐂2
(5)) =

{

2𝑛 − 1
4

, 1
4
+
√

𝑛 − 7
16

, 1
4
−
√

𝑛 − 7
16

}

,

ince dim1 = 𝑛 − 2. The remaining eigenvalues of 𝐂(5) are of the
orm

√

2𝑛−1
4 or −

√

2𝑛−1
4 . Multiplicity of eigenvalues can be determined

using the trace of the transformation matrix (12) and the fact that their
multiplicities sum to 𝑛 − 2. The sum of all eigenvalues is

1
2
+ (𝑝 − 𝑚)

√

2𝑛 − 1
4

,

resulting in 𝑝 = 𝑚 = 𝑛∕2 for an even 𝑛 and 𝑝 = (𝑛 − 1)∕2, 𝑚 = (𝑛 − 3)∕2
for an odd 𝑛.

5.3. DST type 8 case

In analogy to the previous case, the subspace 1 is a set of vectors

𝐯 = [𝑣0, 𝑣1, 𝑣2,… , 𝑣𝑛−2, 0]𝑇 ,

satisfying
𝑛−2
∑

𝑘=0
(−1)𝑘𝑣𝑘 = 0,

whereas 2 is a two-dimensional space generated by

𝐪1 = [0, 0,… , 0, 1]𝑇 = 𝐞𝑛

𝐪2 = [1,−1, 1,−1,… , (−1)𝑛−2, 0]𝑇 = −
𝑛−1
∑

𝑘=1
(−1)𝑘𝐞𝑘.

The square of 𝐒(8) matrix, according to Section 3.8, can be written
as

𝐒2(8) = diag𝑛
( 2𝑛 − 1

4
, 2𝑛 − 1

4
,… , 2𝑛 − 1

2

)

+ 1
2
𝐐. (22)

The elements of matrix 𝐐 are defined by 𝑞𝑘𝑙 = (−1)𝑘𝑙. Again, the vector
pace 1 is within the null space of 𝐐 resulting in

𝐒2(8)𝐯 = 2𝑛 − 1
4

𝐯 (∀𝐯 ∈ 1).

Therefore, 2𝑛−1
4 is an eigenvalue of 𝐒2(8). One may conclude that both

±
√

2𝑛−1
4 are eigenvalues of 𝐒(8). Moreover, the sum of multiplicities is

at least 𝑛 − 2.
The other eigenvalues can be found by solving

𝐒(8)(𝐪1 + 𝑥𝐪2) = 𝜆(𝐪1 + 𝑥𝐪2).

Using

𝐒(8)𝐪1 = (−1)𝑛−1𝐪1 + 𝐪2

(8)𝐪2 = (𝑛 − 1)𝐪1 +
(−1)𝑛

2
𝐪2,

we obtain the system of equations

(−1)𝑛−1 + (𝑛 − 1)𝑥 = 𝜆

1 +
(−1)𝑛

𝑥 = 𝜆𝑥

2
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with solutions

𝜆 = −
(−1)𝑛

4
±
√

𝑛 − 7
16

.

ach eigenvalue has multiplicity one.
Now we can determine the multiplicities of all eigenvalues. Denot-

ng by 𝑝 the multiplicity of eigenvalue
√

(2𝑛 − 1)∕4 and with 𝑚 the
multiplicity of −

√

(2𝑛 − 1)∕4, where 𝑝 + 𝑚 = 𝑛 − 2 we have that the
sum of all eigenvalues is

(𝑝 − 𝑚)
√

2𝑛 − 1
4

−
(−1)𝑛

2
. (23)

This sum is equal to the trace of 𝐒(8) matrix (17). For even 𝑛 we have
that the trace is − 1

2 , meaning that 𝑝 = 𝑚 = 𝑛−2
2 . For an odd 𝑛 we have

that 𝑝 − 𝑚 = 1, resulting in 𝑝 = 𝑛−1
2 and 𝑚 = 𝑛−3

2 , as given in Table 2.

5.4. DCT type 1 case

Similar to the previous types, to get the eigenvalues of 𝐂(1), we
split the problem to some simpler components. In this case, we have
to consider the odd and the even cases separately. Moreover R𝑛 is
decomposed into three orthogonal subspaces,

R𝑛 = 1 ⊕ 2 ⊕ 3. (24)

Let 1 be the (𝑛 − 4)-dimensional vector space containing vectors 𝐯 =
[0, 𝑣1, 𝑣2,… , 𝑣𝑛−2, 0]𝑇 such that the sum of even indexed values is zero
and the sum of odd indexed values is also zero
(𝑛−3)∕2
∑

𝑘=1
𝑣2𝑘 = 0 and

(𝑛−1)∕2
∑

𝑘=1
𝑣2𝑘−1 = 0.

Note that, according to Section 3.1, we have

𝐂2
(1) = diag(𝑛 − 1, 𝑛 − 1

2
, 𝑛 − 1

2
,… , 𝑛 − 1

2
, 𝑛 − 1) + 𝐏,

here 𝐏 is an 𝑛 × 𝑛 matrix with elements

𝑘𝑙 =
1 + (−1)𝑘+𝑙

2
=

{

0 for odd 𝑘 + 𝑙
1 for even 𝑘 + 𝑙.

ne may directly check that 1 is contained in the null space of 𝐏.
pplying this point, we get that

2
(1)𝐯 = 𝑛 − 1

2
𝐯 (∀𝐯 ∈ 1). (25)

Thus, (𝑛 − 1)∕2 is an eigenvalue of 𝐂2
(1). Similar to the two previous

type transforms, we conclude that ±
√

(𝑛 − 1)∕2 are eigenvalues of 𝐂(1)
corresponding to 𝜆3 and 𝜆4 in Table 3 for even and odd 𝑛.

Suppose that 𝑛 is odd. Let us define the vector space 2 as a
wo-dimensional space generated by

21 = [1, 0, 0,… , 0,−1]𝑇 = 𝐞1 − 𝐞𝑛 (26)

22 = [0, 1, 0, 1, 0,… , 0, 1, 0]𝑇 =
(𝑛−1)∕2
∑

𝑘=1
𝐞2𝑘, (27)

and 3 as a two-dimensional space generated by

𝐪31 = [1, 0, 0,… , 0, 1]𝑇 = 𝐞1 + 𝐞𝑛 (28)

32 = [0, 0, 1, 0, 1,… , 1, 0, 0]𝑇 =
(𝑛−3)∕2
∑

𝑘=1
𝐞2𝑘+1. (29)

Consider subspace 2. We have that Not obvious

𝐂(1)𝐪21 = 2𝐪22 (30)

𝐂(1)𝐪22 =
𝑛 − 1
2

𝐪21. (31)

Let us now find eigenvalues and eigenvectors within this subspace. We
should find 𝑥 such that

𝐂 (𝐪 + 𝑥𝐪 ) = 𝜆(𝐪 + 𝑥𝐪 )
7

(1) 21 22 21 22
for some 𝜆. Then 𝐪21 + 𝑥𝐪22 is an eigenvector in 2 and 𝜆 is the
corresponding eigenvalue. Using (30) and (31) we get

2𝐪22 + 𝑥𝑛 − 1
2

𝐪21 = 𝜆𝐪21 + 𝜆𝑥𝐪22,

resulting in a system of equations with unknown 𝑥 and 𝜆

2 = 𝜆𝑥

𝑥𝑛 − 1
2

= 𝜆.

Solutions to this system are the eigenvalues 𝜆 = ±
√

𝑛 − 1 corresponding
to 𝜆1 and 𝜆5 in Table 3 for an odd 𝑛. Each eigenvalue has multiplicity
one.

Consider now 3 space. Similar to the previous case we get Not
bvious

(1)𝐪31 = 2𝐪31 + 2𝐪32

(1)𝐪32 =
𝑛 − 3
2

𝐪31 − 𝐪31.

Next, we search for eigenvectors and eigenvalues from

𝐂(1)(𝐪31 + 𝑥𝐪32) = 𝜆(𝐪31 + 𝑥𝐪32),

leading to the system of equations

2 + 𝑛 − 3
2

= 𝜆

2 − 𝑥 = 𝜆𝑥,

with the solutions

𝜆 = 1
2
±
√

𝑛 − 3
4
,

corresponding to 𝜆2 and 𝜆6 in Table 3. Both of the obtained eigenvalues
are with multiplicity one.

Note that in the considered cases we have an analytical form for the
corresponding eigenvectors.

Now we can determine multiplicities of all eigenvalues. Denoting by
𝑝 the multiplicity of eigenvalue

√

(𝑛 − 1)∕2 and by 𝑚 the multiplicity of
−
√

(𝑛 − 1)∕2, where 𝑝+𝑚 = 𝑛−4, we have that the sum of all eigenvalues
is

(𝑝 − 𝑚)
√

𝑛 − 1
2

+ 1. (32)

This sum is equal to the trace of 𝐂(1) matrix (10). We can conclude that
𝑝−𝑚 = 1, resulting in 𝑝 = 𝑛−3

2 and 𝑚 = 𝑛−5
2 , as given in Table 3 for odd

𝑛 case.
Now we will consider the case of an even 𝑛. In decomposition (24)

1 remains the same, while 2 is now spanned by vectors

𝐪21 = [1, 0, 0,… , 0,
√

2 − 1] = 𝐞1 + (
√

2 − 1)𝐞𝑛 (33)

𝐪22 = [0, 1,
√

2 + 1,… ,
√

2 + 1, 0]

=
𝑛−2∕2
∑

𝑘=1
𝐞2𝑘 + (

√

2 + 1)
𝑛−2∕2
∑

𝑘=1
𝐞2𝑘+1 (34)

and 3 is spanned by

𝐪31 = [1, 0, 0,… , 0,−(
√

2 + 1)] = 𝐞1 − (
√

2 + 1)𝐞𝑛 (35)

𝐪32 = [0, 1, 1 −
√

2,… , 1 −
√

2, 0]

=
𝑛−2∕2
∑

𝑘=1
𝐞2𝑘 + (1 −

√

2)
(𝑛−2)∕2
∑

𝑘=1
𝐞2𝑘+1. (36)

It is easy to check that 2 and 3 are invariant with respect to 𝐂(1), that
is, Not obvious

𝐂(1)𝐪21 =
√

2𝐪21 + (2 −
√

2)𝐪22 (37)

𝐂(1)𝐪22 = (𝑛 − 2)(1 +

√

2
2

)𝐪21 −
√

2
2

𝐪22 (38)

𝐂 𝐪 = −
√

2𝐪 + (2 +
√

2)𝐪 (39)
(1) 31 31 32
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𝐂(1)𝐪32 = −(𝑛 − 2)

√

2
2

𝐪31 +
√

2
2

𝐪32. (40)

The eigenvalues (with corresponding eigenvectors) can be found by
solving the system

𝐂(1)(𝐪21 + 𝑥𝐪22) = 𝜆(𝐪21 + 𝑥𝐪22) (41)

𝐂(1)(𝐪31 + 𝑥𝐪32) = 𝜆(𝐪31 + 𝑥𝐪32), (42)

for unknown 𝜆 (and 𝑥). Form (41), using (37) and (38), we obtain the
system of equations
√

2 + 𝑥(𝑛 − 2)(1 +

√

2
2

) = 𝜆

2 −
√

2 − 𝑥

√

2
2

= 𝜆𝑥

with solutions

𝜆 =

√

2
4

±
√

𝑛 − 7
8
,

orresponding to 𝜆2 and 𝜆6 in Table 3 for even 𝑛. In a similar way, by
solving (42) we can obtain 𝜆1 and 𝜆5.

The sum of all eigenvalues is

𝑝 − 𝑚)
√

𝑛 − 1
2

, (43)

and the trace of 𝐂(1) is zero, (10), resulting in 𝑝 = 𝑚 = (𝑛 − 4)∕2, as
tated in Table 3 for an even 𝑛.

. Conclusion

An analytic proof for eigenvalues, and corresponding multiplicities
s provided for eight symmetric non-normalized DTT. The trace and
he square of transformation matrix is derived in all analyzed cases.
ur further research will include derivation of eigenvector basis for the
nalyzed DTT. The proposed approach, based on the decomposition of
he eigenspace into orthogonal subspaces invariant under considered
TT, provides eigenvalues and some eigenvectors, for the case when

he eigenvalue multiplicity is 1. Since the DTT are fundamental mathe-
atical tools for signal processing and related applications, we believe

hat the presented theory is particularly relevant to this field, since it
heds a new light on the understanding of commonly used transforms.

Finding an appropriate approximation of the eigenvalues of non-
ymmetric types of DTTs is a complicated and challenging problem. The
ey point that drove the discussion forward effectively was the fact that
he minimal polynomial of all symmetric DTTs is of degree at most 6
or all sizes. However, this key point no longer holds for non-symmetric
ypes, requiring an alternative approach to determine the eigenvalues
ithin this context.

In the literature, efforts have been dedicated to computing the
igenvectors of symmetric DTTs and devising a method to extract
he eigenvalues and their corresponding multiplicities. Nevertheless,
his approach is limited to specific types. Using sampling theory, the
igenvectors are derived from the offset discrete Fourier transform of
he corresponding counterpart. Notably, it has been observed that the
igenvalues of the offset discrete Fourier transform [16], associated
ith non-symmetric types of DTTs, are all distinct. This observation

uggests that the eigenvalues of non-symmetric types of DTTs are also
istinct, a hypothesis supported by empirical evidence.
8

The eigenvalues of a discrete trigonometric transforms have several
applications in the context of signal and image compression. In [10]
the role of eigenvalues in determining the significance of frequency
components during compression is discussed.
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