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Abstract—Incomplete signals defined on graphs present a
significant challenge for their analysis and processing. This paper
presents a method for missing graph signal values reconstruction
on directed graphs, whose adjacency matrices are often not
diagonalizable. We perform modification of the adjacency matrix,
i.e., adding new edges, with the aim of achieving diagonalizability,
allowing the application of spectral analysis - i.e. graph Fourier
transform as well as advanced reconstruction algorithms. The
presented results confirm the effectiveness of the proposed
method.

Index Terms—Graph Fourier transform, Directed graph, Sig-
nal reconstruction, Compressive sensing

I. INTRODUCTION

Modern data and signal processing increasingly relies on
the representation and processing of signals defined on a
graph [1]. Unlike the conventional approach, where a signal is
considered as a sequence of uniformly spaced samples (spatial
or time), graphs allow the representation of signals whose
samples are linked through the graph structure. This graph
representation is particularly important in complex systems
such as social networks, sensor networks, infrastructure sys-
tems, or hydrological networks, where the link between points
is neither uniform nor regular. For this reason, graphs are now
considered the most representative model of the visualization
and analysis of such types of data.

In real-world data collection and processing, it sometimes
happens that some signal samples are missing. This can occur
due to irregular sampling, measurement errors, or lack of read
values. Partial signals like these make proper analysis difficult
or even impossible, since many algorithms and methods from
spectral theory and signal processing require complete signal
information.

Here we address the problem of missing values recon-
structing in signals defined on a graph with particular focus
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on directed graphs. In the case of undirected graphs, it is
clear that spectral signal analysis is clearly defined by eigen-
decomposition of the Laplacian or adjacency matrix due to
their symmetry and diagonalizability. These properties enable
application of spectral analysis, i.e. Graph Fourier Transform
(GFT) and missing samples reconstruction [2]. This is not
true for directed graphs and it is the main reason why the
adjacency matrix of directed graphs cannot be diagonalized or
possess complex characteristics that make direct definition of
the Fourier basis difficult.

For the purpose of this work, reconstruction of lost values is
inspired by the application of the Compressive Sensing (CS)
techniques, where the signal can be recovered from degraded
data if the signal is sparse in some representation domain. We
will consider GFT representation as signal sparsity domain.
Besides the compressive sensing technique, reconstruction
results are also compared to the application of a gradient-based
algorithm, comparing its performance to the CS technique.

II. COMPRESSIVE SENSING BASED SIGNAL
RECONSTRUCTION

Compressive sampling is a modern approach that enables
the reconstruction of a signal or data that is sparse in some
domain (in this work, the Graph Fourier Transform domain)
from a significantly smaller number of measurements. The
key idea is that if a signal has only a few significant (non-
zero) coefficients in a certain transform basis, then it is pos-
sible, using specially designed measurements and appropriate
optimization algorithms, to accurately reconstruct the entire
signal even though only linear combinations of its components
have been directly measured. This substantially reduces the
required amount of data, accelerates the measurement process,
and allows the processing and storage of large amounts of
information with minimal quality loss.

The literature [3]-[5] proposes numerous reconstruction
techniques based on signal sparsity, among which two stand



out: one based on the ¢y norm and the other on the ¢; norm.
The main issue with the technique based on the ¢y norm
is its computational complexity, since ¢y minimization is a
combinatorial problem and belongs to the class of NP-hard op-
timizations (computationally infeasible for large dimensions).
This means that in practice it is almost impossible to efficiently
find a solution for real-world signals.

Therefore, reconstruction based on the ¢; norm is used,
which represents a convex relaxation of the problem. Instead
of counting the exact number of non-zero coefficients, in
¢; minimization we attempt to minimize the sum of the
absolute values of all elements of the vector X, which can
be mathematically written as:

min || X||; subjectto y =AX (1)

The key advantage of ¢; methods is that they are convex
problems for which efficient and stable numerical algorithms
exist, making them applicable to large-scale and real data.
In this paper, the Basis Pursuit method was used in the
Python programming language, which is in fact a type of
reconstruction based on the ¢; norm.

To recover the lost values of signals on directed graphs,
we also used another method, named the gradient algorithm
[7]1-19] Unlike the Basis Pursuit (BP) approach, whose aim is
to find the sparsest vector X in the transformed domain (e.g.,
GFT) that lies under the measurement constraints, the gradient
algorithm recovers directly in the original signal domain by
iteratively updating the missing values of the signal x.

The algorithm, along with pseudocode, is described in detail
in [9], Chapter 14 — Sparse Signal Reconstruction.

These two methods will be used for reconstruction of
missing values of signals defined on directed graphs. We
encourage the reader to experiment with both of the presented
methods in order to reconstruct the missing values.

III. GRAPH FOURIER TRANSFORM FOR DIRECTED GRAPHS

For undirected graphs, the matrices that describe them
(adjacency matrix and Laplacian matrix) are symmetric. As
a result, they are always diagonalizable, with real eigenvalues
and a full set of orthogonal eigenvectors. This property makes
it straightforward to define the Graph Fourier Transform
(GFT), since any signal on the graph can be expanded in the
eigenvector basis of these matrices. The GFT, and inverse GFT
of a signal x are given by:

X =UTx, x=UX )

where U is the matrix of eigenvectors. Thanks to symmetry
and diagonalizability, the transform is numerically stable, and
Parseval’s theorem holds:

B =|x|I* = I X]7, 3)

meaning that the signal energy is preserved in both the vertex
and spectral domains.

In contrast, directed graphs do not generally possess sym-
metry. Their adjacency matrices often are not diagonalizable
and may yield complex eigenvalues and eigenvectors that do

not form basis in signal space. For a matrix A to be diago-
nalizable, for each eigenvalue the geometric multiplicity must
be equal to the algebraic multiplicity. Geometric multiplicity
is number of lineary independent eigenvectors which belongs
to certain eigenvalue and algebraic multiplicity is number of
times eigenvalue appears as a root of characteristic polynomial
of a matrix. This implies that the total number of linearly
independent eigenvectors match dimension of the matrix.

As a consequence, the GFT defined by (2) cannot guarantee
a valid inverse transform. Furthermore, Parseval’s theorem (3)
does not hold. This leads to numerical instability, possible loss
of energy, and difficulties in defining and applying the GFT for
signals on directed graphs. To overcome this, early approaches
relied on Jordan decomposition and generalized eigenvectors
as a basis for GFT.

A Jordan block is a matrix associated with an eigenvalue A,
used when there are not enough independent eigenvectors to
diagonalize a matrix. elements on the main diagonal are equal
to A, elements above main diagonal are equal to 1, an all other
elements are zero valued.

Generalized eigenvectors extend the standard eigenvector
definition. Regular eigenvector satisfy (A — AI)v = 0, while
generalized eigenvector satisfy (A — AI)*v = 0, k > 1.
They form chains ending with a true eigenvector, and each
Jordan block corresponds to one such chain.

Using these vectors, any square matrix A can be decom-
posed into the Jordan normal form:

A=PJP !, 4)

where J is block-diagonal with Jordan blocks on the diagonal,
and P contains eigenvectors and generalized eigenvectors. The
GFT can then be defined as

X =P x, x=PX. (®)]

However, in practice Jordan forms are rarely used for GFT,
since they are numerically unstable, sensitive to noise, and
computationally expensive. For this reason, recent methods
aim to modify the graph topology (e.g., adding edges) to
“break” Jordan blocks and achieve diagonalizability, thus
enabling a more stable and practical definition of the GFT.

Method for ensuring that adjacency matrix is diagonalizable
is described in paper [10], where the authors propose to perturb
the structure of a directed graph by adding edges in order
to transform a non-diagonalizable matrix (e.g., adjacency or
Laplacian) into a diagonalizable one. This approach effectively
breaks Jordan blocks and increases the number of linearly
independent eigenvectors, thus enabling a stable basis for
the Graph Fourier Transform (GFT). In this way, practical
difficulties related to the numerical instability of the Jordan
normal form are avoided. Adding a small number of directed
edges has little impact on the original graph behavior, but
ensures diagonalizability of its adjacency matrix.

Recently, new method for selecting additional edges is
proposed. It is presented in [12], [13] and master thesis [14]. It
is based on linear dependencies in the adjacency matrix rows
and columns.
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Fig. 1: 20 nodes directed graph with added edges (red)
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Fig. 2: Reconstruction of simulated signal defined on graph
presented in Fig. 1 with 9 and 10 missing samples.

IV. RECONSTRUCTION EXAMPLES

In this section, we demonstrate how the previously pre-
sented diagonalization can be used to prepare a graph for
a valid Graph Fourier Transform by adding edges, and then
apply reconstruction techniques to recover a signal containing
missing values. This process will be illustrated through two
examples.

In the first case, we consider an experimentally created
directed graph shown in Fig. 1. Using the described methods,
the Jordan blocks of its adjacency matrix were eliminated by
adding edges, making the matrix diagonalizable. It can be
seen, that we added 5 additional edges for this graph to be

diagonalizable.

Signal for this graph is created as linear combination of
four eigenvectors, that we got from eigendecomposition of
diagonalizable adjacency matrix. Successful and unsuccessful
reconstruction of such signal is showed in Fig. 2, where we
have complete and true reconstruction when we miss up to 9
out of 20 samples. Here we used Basis pursuit reconstruction
algorithm.

The previously created signal, was ideally sparse with
sparsity 4 in the Graph Fourier domain. In real-world cases,
however, we have no control over the sparsity of the signal.
Therefore, in the following example, we present a practical
application of signal reconstruction on directed graphs, using
water level measurements from hydrological stations along the
Kupa River and its tributaries.

In this case, the graph nodes correspond to measurement
stations on the Croatian Kupa River and its tributaries, such
as the Korana, Sljuncica, Kupica, Donja MreZnica, and others.
The signal values are represented by water level measurements
at these stations, which we aim to reconstruct when missing
data occurs. The constructed graph is naturally directed, since
water flow has a clear direction.

The data on water levels of the Kupa River and its tributaries
were provided by the Croatian Hydrometeorological Institute,
through the courtesy of prof. dr. Jonatan Lerga. Based on the
connectivity of the measurement stations, a graph of the Kupa
River and its tributaries was constructed.

This graph is not suitable for spectral analysis of the signals
defined on it, since its adjacency matrix is non-diagonalizable.
Therefore, we applied previously described methods in order
to diagonalize the matrix by adding edges. Fig. 3 shows the
modified graph, on which spectral analysis and reconstruction
of signals with missing values can now be performed.

In our previous investigations, we observed that all signals
created under controlled conditions share a common property:
their values at individual nodes oscillate around zero. None
of these artificially generated signals are entirely positive or
entirely negative.

However, when considering real-world signals such as water
level measurements of a river, it is clear that such values are
always greater than or equal to zero.

This raises the question of how inherently nonnegative
signals, with positive values at all nodes, can be sparse in
the Graph Fourier domain. In their original form, percent of
signals with that property is low. Nevertheless, it may be possi-
ble to find a transformed version of the signal that satisfies the
sparsity property while allowing a valid reconstruction back
to the original domain. Following this reasoning, we identified
several signals within the dataset which, after subtracting a
constant offset, are shifted so that part of their values lie above
and part below the z-axis. After this transformation signals
become sparse in the GFT domain, enabling successful recon-
struction. The offset value was determined experimentally, by
testing which shift produced the sparsest representation in the
GFT domain.
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Fig. 3: Graph of river Kupa and its tributaries with added edges
(marked in red) needed for providing diagonalizability of the
adjacency matrix.
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Fig. 4: Reconstruction of real-world hydrological signal de-
fined on graph presented in Fig. 3 with 3 and 4 missing
samples.

Fig. 4 illustrates the reconstruction of a signal defined over
graph representing river Kupa. Gradient based reconstruction
is used here. In this case, reconstruction is possible: three
missing values were removed and then successfully recovered,
with small error value on missing samples as shown in the
Fig. 4. However, when fourth value is missing, anywhere on
the graph, reconstruction is unsuccessful. The obtained results
are highly encouraging, especially considering that the signals
under study were sampled from a real system, hydrological
stations - rather than artificially generated data as in the
previous experiments.

CONCLUSION

In this work, we addressed the problem of graph signal
reconstruction on directed graphs. We first described recon-
struction using compressive sensing and a gradient algorithm,
both relying on sparsity in the Graph Fourier Transform (GFT)
domain. These are ideal for undirected graphs but encounter
the difficulty in directed graphs because their adjacency matrix
is nondiagonalizable, thus preventing the formulation of an
appropriate GFT.

To rectify this, we studied approaches that perturb the graph
by adding edges to eliminate Jordan blocks and make it diag-
onalizable. These approaches provide a stable eigenbasis for
spectral analysis and reconstruction. Finally, we demonstrated
the application of the proposed method on two examples:
simulated graph example and a real hydrological network
of the Kupa River and its tributaries. Results confirm that,
after proper diagonalization, missing-value signals on directed
graphs are recoverable.
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